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Step 2: Repeat Step 1 until all resulting product terms contain all variables in the
domain in either complemented or uncomplemented form. In converting a
product term to standard form, the number of product terms is doubled for each
missing variable, as Example 4—15 shows.

Convert the following Boolean expression into standard SOP form:
ABC + AB + ABCD
Solution

The domain of this SOP expressiog is A, B, C, D. Take one term at a time. The first term, ABC, is missing variable D or D,
so multiply the first term by D + D as follows:

ABC = ABC(D + D) = ABCD + ABCD
In this case, two stan(iaLd product terms are the restﬂt. - -~
The second term, A B, is missing variables C or C and D or D, so first multiply the second term by C + C as follows:
AB = AB(C + C) = ABC + ABC
The two resulting terms are missing variable D or D, so multiply both terms by D + D as follows:
AB = ABC + ABC = ABC(D + D) + ABC(D + D)
= ABCD + ABCD + ABCD + ABCD
In this case, four stangard product terms are the result.
The third term, ABCD, is already in standard form. The complete standard SOP form of the original expression is as follows:
ABC + AB + ABCD = ABCD + ABCD + ABCD + ABCD + ABCD + ABCD + ABCD
Related Problem
Convert the expression WXY + XYZ + WXY to standard SOP form.

Binary Representation of a Standard Product Term

A standard product term is equal to 1 for only one combination of variable values. For
example, the product term ABCD isequalto l when A = 1,B=0,C=1,D =0, as
shown below, and is O for all other combinations of values for the variables.

ABCD=1-0-1-0=1-1-1-1=1

In this case, the product term has a binary value of 1010 (decimal ten).
Remember, a product term is implemented with an AND gate whose output is 1 only if each
of its inputs is 1. Inverters are used to produce the complements of the variables as required.

An SOP expression is equal to 1 only if one or more of the product terms in the
expression is equal to 1.

EXAMPLE 4-16

Determine the binary values for which the following standard SOP expression is equal to 1:
ABCD + ABCD + ABCD

Solution

The term ABCD isequal to 1 when A = I, B=1,C = 1,and D = 1.
ABCD=1-1-1-1=1
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The term ABCD is equaltol whenA = 1,B=0,C =0,and D = 1.
ABCD=1-0-0-1=1-1-1-1=1

The term ABCD is equalto 1 when A = 0,B = 0,C = 0,and D = 0.
ABCD=0:0-0-0=1-1-1-1=1

The SOP expression equals 1 when any or all of the three product terms is 1.

Related Problem

Determine the binary values for which the following SOP expression is equal to 1:

XYZ + XYZ + XYZ + XYZ + XYZ

Is this a standard SOP expression?

The Product-of-Sums (POS) Form

A sum term was defined in Section 4—1 as a term consisting of the sum (Boolean addition)
of literals (variables or their complements). When two or more sum terms are multiplied,
the resulting expression is a product-of-sums (POS). Some examples are

A+ B@A+ B+ 0O
(A+B+ C)(C+ D+ E)B + C+ D)
A+ B@A+B+ OA+ O

A POS expression can contain a single-variable term, as in A4 + B + C)(B + C + D).
In a POS expression, a single overbar cannot extend over more than one variable; however,
more than one variable in a term can have an overbar. For example, a POS expression can
have theterm A + B + CbutnotA + B + C.

Implementation of a POS Expression

Implementing a POS expression simply requires ANDing the outputs of two or more OR
gates. A sum term is produced by an OR operation, and the product of two or more sum
terms is produced by an AND operation. Therefore, a POS expression can be implemented by
logic in which the outputs of a number (equal to the number of sum terms in the expression)
of OR gates connect to the inputs of an AND gate, as Figure 4-24 shows for the expression
(A + B)B + C + D)A + C). The output X of the AND gate equals the POS expression.

}X:(A+B)(B+C+D)(A+C)

> Daw w o>

C
FIGURE 4-24 Implementation of the POS expression (A + B)(B + C + D)(A + C).

The Standard POS Form

So far, you have seen POS expressions in which some of the sum terms do not contain all
of the variables in the domain of the expression. For example, the expression

A+B+CA+B+DA+B+C+D)

has a domain made up of the variables A, B, C, and D. Notice that the complete set of vari-
aﬁbles in the domain is not represented in tEe first two terms of the expression; that is, D or
D is missing from the first term and C or C is missing from the second term.
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A standard POS expression is one in which all the variables in the domain appear in
each sum term in the expression. For example,

A+B+C+DA+B+C+DYA+B+C+D)
is a standard POS expression. Any nonstandard POS expression (referred to simply as
POS) can be converted to the standard form using Boolean algebra.
Converting a Sum Term to Standard POS

Each sum term in a POS expression that does not contain all the variables in the domain can
be expanded to standard form to include all variables in the domain and their complements.
As stated in the following steps, a nonstandard POS expression is converted into standard
form using Boolean algebra rule 8 (A + A = 0) from Table 4—1: A variable multiplied by
its complement equals O.

Step 1: Add to each nonstandard product term a term made up of the product of the
missing variable and its complement. This results in two sum terms. As you
know, you can add 0 to anything without changing its value.

Step 2: Apply rule 12 from Table 4-1: A + BC = (A + B)(A + C)

Step 3: Repeat Step | until all resulting sum terms contain all variables in the domain
in either complemented or uncomplemented form.

Convert the following Boolean expression into standard POS form:
A+B+C)B+C+D)YA+ B+ C+ D)

Solution

The dgmain of th§ POS expression is A, B, C, D. Take one term at a time. The first term, A + B + C,is missing variable
D or D, so add DD and apply rule 12 as follows:

A+B+C=A+B+C+DD=A+B+C+D)YA+B+ C+D)
The second term, B + C + D, is missing variable A or A, so add AA and apply rule 12 as follows:
B+C+D=B+C+D+AA=A+B+C+D)A+ B+ C+ D)
The third term, A + B + C + D, is already in standard form. The standard POS form of the original expression is as follows:
A+B+CB+C+DA+B+C+D)= B B o B o
A+B+C+DA+B+C+DA+B+C+DA+B+C+D)A+ B+ C+ D)

Related Problem
Convert the expression (A + B)(B + C) to standard POS form.

Binary Representation of a Standard Sum Term

A standard sum term is equal to O for only one combination of variable values. For exam-
ple, the sum term A + B+ C + DisOwhen A =0,B=1,C=0,and D = 1, as
shown below, and is 1 for all other combinations of values for the variables.

A+B+C+D=0+1+0+1=0+0+0+0=0

In this case, the sum term has a binary value of 0101 (decimal 5). Remember, a sum term
is implemented with an OR gate whose output is O only if each of its inputs is 0. Inverters
are used to produce the complements of the variables as required.

A POS expression is equal to 0 only if one or more of the sum terms in the expres-
sion is equal to 0.
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EXAMPLE 4-18

Determine the binary values of the variables for which the following standard POS
expression is equal to O:

A+B+C+DA+B+C+DYA+B+C+D)
Solution
Theterm A + B + C + DisequaltoOwhen A = 0,B = 0,C = 0,and D = 0.
A+B+C+D=0+0+0+0=0
Theterm A + B + C + DisequaltoOwhen A = 0,B = 1,C = 1,and D = 0.
A+B+C+D=0+1+14+0=0+0+0+0=0
Theterm A + B + C + DisequaltoOwhenA = 1,B=1,C = l,and D = 1.
A+B+C+D=1+1+14+41=0+0+0+0=0
The POS expression equals 0 when any of the three sum terms equals O.
Related Problem
Determine the binary values for which the following POS expression is equal to 0:
X+Y+ 20X+ Y+ DX+ Y+2D)X+Y+2)X+Y+ 2

Is this a standard POS expression?

Converting Standard SOP to Standard POS

The binary values of the product terms in a given standard SOP expression are not present
in the equivalent standard POS expression. Also, the binary values that are not represented
in the SOP expression are present in the equivalent POS expression. Therefore, to convert
from standard SOP to standard POS, the following steps are taken:

Step 1: Evaluate each product term in the SOP expression. That is, determine the
binary numbers that represent the product terms.

Step 2: Determine all of the binary numbers not included in the evaluation in Step 1.

Step 3: Write the equivalent sum term for each binary number from Step 2 and express
in POS form.

Using a similar procedure, you can go from POS to SOP.

EXAMPLE 4-19

Convert the following SOP expression to an equivalent POS expression:

ABC + ABC + ABC + ABC + ABC

Solution

The evaluation is as follows:
000 + 010 + 011 + 101 + 111

Since there are three variables in the domain of this expression, there are a total of eight
(2%) possible combinations. The SOP expression contains five of these combinations, so
the POS must contain the other three which are 001, 100, and 110. Remember, these are
the binary values that make the sum term 0. The equivalent POS expression is

A+B+CA+B+OCA+B+C)
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Related Problem

Verify that the SOP and POS expressions in this example are equivalent by substituting
binary values into each.

SECTION 4-6 CHECKUP

1. Identify each of the following expressions as SOP, standard SOP, POS, or standard

POS:
(a) AB + ABD + ACD (b) A+ B+ C)A+ B+ 0O
(¢) ABC + ABC (d) (A + C)A + B)

2. Convert each SOP expression in Question 1 to standard form.

3. Convert each POS expression in Question 1 to standard form.

4-7 Boolean Expressions and Truth Tables

All standard Boolean expressions can be easily converted into truth table format using
binary values for each term in the expression. The truth table is a common way of present-
ing, in a concise format, the logical operation of a circuit. Also, standard SOP or POS
expressions can be determined from a truth table. You will find truth tables in data sheets
and other literature related to the operation of digital circuits.

After completing this section, you should be able to
¢ Convert a standard SOP expression into truth table format
¢ Convert a standard POS expression into truth table format
¢ Derive a standard expression from a truth table

+ Properly interpret truth table data

Converting SOP Expressions to Truth Table Format

Recall from Section 4-6 that an SOP expression is equal to 1 only if at least one of the
product terms is equal to 1. A truth table is simply a list of the possible combinations of
input variable values and the corresponding output values (1 or 0). For an expression with a
domain of two variables, there are four different combinations of those variables (22 = 4).
For an expression with a domain of three variables, there are eight different combinations
of those variables (23 = 8). For an expression with a domain of four variables, there are
sixteen different combinations of those variables (24 = 16), and so on.

The first step in constructing a truth table is to list all possible combinations of binary
values of the variables in the expression. Next, convert the SOP expression to standard
form if it is not already. Finally, place a 1 in the output column (X) for each binary value
that makes the standard SOP expression a 1 and place a O for all the remaining binary values.
This procedure is illustrated in Example 4-20.

EXAMPLE 4-20

Develop a truth table for the standard SOP expression ABC + ABC + ABC.

Solution

There are three variables in the domain, so there are eight possible combinations of
binary values of the variables as listed in the left three columns of Table 4—6. The
binary values that make the product terms in the expressions equal to 1 are
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TABLE 4-6

Inputs Output

A B (o X Product Term
0 0 0 0

0 0 1 1 ABC

0 1 0 0

0 1 1 0

1 0 0 1 ABC

1 0 1 0

1 1 0 0

1 1 1 1 ABC

ABC:001; ABC: 100; and ABC: 111. For each of these binary values, place a 1 in the
output column as shown in the table. For each of the remaining binary combinations,
place a 0 in the output column.

Related Problem
Create a truth table for the standard SOP expression ABC + ABC.

Converting POS Expressions to Truth Table Format

Recall that a POS expression is equal to 0 only if at least one of the sum terms is equal to
0. To construct a truth table from a POS expression, list all the possible combinations of
binary values of the variables just as was done for the SOP expression. Next, convert the
POS expression to standard form if it is not already. Finally, place a 0 in the output column
(X) for each binary value that makes the expression a 0 and place a 1 for all the remaining
binary values. This procedure is illustrated in Example 4-21.

Determine the truth table for the following standard POS expression:

A+B+COA+B+C)A+B+CA+B+C)A+B+0)

Solution

There are three variables in the domain and the eight possible binary values are listed in
the left three columns of Table 4—7. The binary values that make the sum terms in the
expression equal to 0 are A + B + C:000;A + B+ C:010;A + B + C: 011;
A+ B+ C:101;and A + B + C: 110. For each of these binary values, place a 0 in
the output column as shown in the table. For each of the remaining binary combina-
tions, place a 1 in the output column.

TABLE 4-7

Inputs Output
A B C X Sum Term
0 0 0 0 A+ B+ O
0 0 1 1
0 1 0 0 A+ B+ 0
0 1 1 0 A+ B+ O
1 0 0 1
1 0 1 0 A+ B+ 0
1 1 0 0 A+ B+ 0
1 1 1 1
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