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Sec 5.10 Joint Distributions—Discrete and Continuous 165

EXAMPLE 23 Determining a joint cumulative distribution function

Find the joint cumulative distribution function of the two random variables of the

preceding exercise, and use it to find the probability that both random variables will

take on values less than 1.

Solution By definition,

F (x1, x2) =

⎧

⎪

⎨

⎪

⎩

∫ x2

0

∫ x1

0
6 e−2u−3v du dv for x1 > 0, x2 > 0

0 elsewhere

so that

F (x1, x2) =

{

(1 − e−2x1 ) (1 − e−3x2 ) for x1 > 0, x2 > 0

0 elsewhere

and, hence,

F (1, 1) = (1 − e−2) (1 − e−3)

= 0.8216 j

Given the joint probability density of k random variables, the probability density

of the ith random variable can be obtained by integrating out the other variables;

symbolically,

Marginal density fi(xi) =

∫

∞

−∞

· · ·

∫

∞

−∞

f (x1, x2, . . . , xk ) dx1 . . . dxi−1 dxi+1 . . . dxk

and, in this context, the function fi is called themarginal density of the ith random

variable. Integrating out only some of the k random variables, we can similarly define

joint marginal densities of any two, three, or more of the k random variables.

EXAMPLE 24 Determining a marginal density from a joint density

With reference to Example 22. find the marginal density of the first random variable.

Solution Integrating out x2, we get

f1(x1) =

⎧

⎪

⎨

⎪

⎩

∫

∞

0
6 e−2x1−3x2 dx2 for x1 > 0

0 elsewhere

or

f1(x1) =

{

2 e−2x1 for x1 > 0

0 elsewhere j

To explain what we mean by the independence of continuous random vari-

ables, we could proceed as with discrete random variables and define conditional

probability densities first; however, it will be easier to say that
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166 Chapter 5 Probability Densities

Independent random

variables

k random variables X1, . . . ,Xk are independent if and only if

F ( x1, x2, . . . , xk ) = F1(x1) · F2(x2) · · ·Fk(xk )

for all values x1, x2, . . . , xk of these random variables.

In this notation F ( x1, x2, . . . , xk ) is, as before, the joint distribution function of the

k random variables, while Fi( xi) for i = 1, 2, . . . , k are the corresponding individual

distribution function of the respective random variables. The same condition applies

for discrete random variables.

EXAMPLE 25 Checking independence via the joint cumulative distribution

With reference to Example 23, check whether the two random variables are inde-

pendent.

Solution As we already saw in Example 23, the joint distribution function of the two random

variables is given by

F (x1, x2) =

{

(1 − e−2x1 ) (1 − e−3x2 ) for x1 > 0 and x2 > 0

0 elsewhere

Now, since F1(x1) = F (x1, ∞) and F2(x2) = F (∞, x2), it follows that

F1(x1) =

{

1 − e−2x1 for x1 > 0

0 elsewhere

and

F2(x2) =

{

1 − e−3x2 for x2 > 0

0 elsewhere

Thus, F (x1, x2) = F1(x1) · F2(x2) for all (x1, x2) and the two random variables are

independent. j

When k random variables have a joint probability density, the k random vari-

ables are independent if and only if their joint probability density equals the prod-

uct of the corresponding values of the marginal densities of the k random variables;

symbolically,

f ( x1, x2, . . . , xk ) = f1( x1) · f2( x2 ) · · · fk( xk ) for all ( x1, . . . , xk ).

EXAMPLE 26 Establishing independence by factoring the joint probability density

With reference to Example 22, verify that

f (x1, x2) = f1(x1) · f2(x2)

Solution Example 24 shows that

f1(x1) =

{

2 e−2x1 for x1 > 0

0 elsewhere
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and in the same way,

f2(x2) =

{

3 e−3x2 for x2 > 0

0 elsewhere

Thus,

f1(x1) · f2(x2) =

{

6 e−2x1−3x2 for x1 > 0 and x2 > 0

0 elsewhere

and it can be seen that f1(x1) · f2(x2) = f (x1, x2) for all (x1, x2). j

Given two continuous random variables X1 and X2, we define the conditional

probability density of the first given that the second takes on the value x2 as

Conditional probability

density f1( x1 | x2 ) =
f ( x1, x2 )

f2( x2 )
provided f2( x2 ) 	= 0

where f (x1, x2) and f2(x2) are, as before, the joint density of the two random vari-

ables and the marginal density of the second. Note that this definition parallels that

of the conditional probability distribution on page 163. Also, the joint probability

density is the product

f ( x1, x2 ) = f1 ( x1 | x2 ) f2 ( x2 ).

EXAMPLE 27 Determining a conditional probability density

If two random variables have the joint probability density

f (x1, x2) =

⎧

⎪

⎨

⎪

⎩

2

3
( x1 + 2x2 ) for 0 < x1 < 1, 0 < x2 < 1

0 elsewhere

find the conditional density of the first given that the second takes on the value x2.

Solution First we find the marginal density of the second random variable by integrating out

x1, and we get

f2(x2) =

∫ 1

0

2

3
( x1 + 2 x2 ) dx1 =

1

3
( 1 + 4 x2 ) for 0 < x2 < 1

and f2(x2) = 0 elsewhere. Hence, by definition, the conditional density of the first

random variable given that the second takes on the value x2 is given by

f1(x1 | x2) =

2

3
( x1 + 2 x2 )

1

3
( 1 + 4 x2 )

=
2 x1 + 4 x2

1 + 4 x2
for 0 < x1 < 1, 0 < x2 < 1

and f1(x1 | x2) = 0 for x1 ≤ 0 or x1 ≥ 1 and 0 < x2 < 1. j
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Properties of Expectation

Consider a function g(X ) of a single random variable X . For instance, if X is an oven

temperature in degrees centigrade, then

g(X ) =
9

5
X + 32

is the same temperature in degrees Fahrenheit.

The expectation of the function g(X ) is again the sum of the products value ×

probability.

Expected value of g(X )

In the discrete case, where X has probability distribution f (x)

E [ g(X )] =

∑
xi

g(xi) f (xi)

In the continuous case, where X has probability density function f (x)

E [ g(X )] =

∫
∞

−∞

g(x) f (x) dx

If X has mean µ = E(X ), then taking g(x) = ( x − µ )2, we have E [ g(X )] =

E(X − µ )2, which is just the variance σ
2 of X .

For any random variable Y , let E(Y ) denote its expectation, which is also its

mean µY . Its variance is Var (Y ) which is also written as σ
2
Y .

When g(x) = a x + b, for given constants a and b, then random variable g(X )

has expectation

E( aX + b ) =

∫
∞

−∞

( ax + b ) f ( x ) dx = a

∫
∞

−∞

x f ( x ) dx + b

∫
∞

−∞

f ( x ) dx

= aE(X ) + b

and variance

Var ( aX + b ) =

∫
∞

−∞

( ax + b− aµX − b )2 f (x) dx

= a2
∫

∞

−∞

( x − µX )
2 f (x) dx = a2Var (X )

To summarize,

For given constants a and b

E( aX + b ) = aE(X ) + b and Var ( aX + b ) = a2Var (X )

EXAMPLE 28 The mean and standard deviation of a standardized random variable

Let X have mean µ and standard deviation σ . Use the properties of expectation to

show that the standardized random variable

Z =
X − µ

σ

has mean 0 and standard deviation 1.

Solution Since Z is of the form

Z =
X − µ

σ
=

1

σ
X −

µ

σ
= aX + b

https://www.pearson.de/9781292176031


Sec 5.10 Joint Distributions—Discrete and Continuous 169

where a = 1/σ and b = −µ/σ ,

E(Z) =
1

σ
E(X ) −

µ

σ
=

µ

σ
−

µ

σ
= 0

and the variance of Z is

(

1

σ

)2

Var (X ) =
σ 2

σ 2
= 1

because E(X ) = µ and Var (X ) = σ 2. j

EXAMPLE 29 Determining the mean and variance of 20 X

Suppose the daily amount of electricity X required for a plating process has mean

10 and standard deviation 3 kilowatt-hours. If the cost of electricity is 20 dollars per

kilowatt hour, find the mean, variance, and standard deviation of the daily cost of

electricity.

Solution The daily cost of electricity, g(X ) = 20X , has mean 20E(X ) = 20 × 10 = 200

dollars and variance (20)2Var (X ) = (20)2 32 = 3,600. Its standard deviation is√
3,600 = 60 dollars. j

Given any collection of k random variables, the functionY = g(X1, X2, . . . , Xk )

is also a random variable. Examples includeY = X1 − X2 when g(x1, x2) = x1−x2
and Y = 2X1 + 3X2 when g(x1, x2) = 2x1 + 3x2. The random variable g(X1,

X2, . . . ,Xk ) has expected value, or mean, which is the sum of the products

value × probability.

Expected value of

g(X1,X2, . . . ,Xk )

In the discrete case,

E [g(X1,X2, . . . ,Xk )] =
∑

x1

∑

x2

· · ·
∑

xk

g(x1, x2, . . . , xk ) f (x1, x2, . . . , xk )

In the continuous case,

E [g(X1,X2, . . . ,Xk ) ]

=
∫ ∞

−∞

∫ ∞

−∞
· · ·

∫ ∞

−∞
g( x1, x2, . . . , xk ) f ( x1, x2, . . . , xk ) dx1 dx2 · · · dxk

Several important properties of expectation can be deduced from this definition.

Taking g ( x1, x2 ) = ( x1 − µ1 ) ( x2 − µ2 ), we see that the product ( x1 − µ1 )

( x2 −µ2 ) will be positive if both values x1 and x2 are above their respective means

or both are below their respective means. Otherwise it will be negative. The expected

value E [ (X1 −µ1 ) (X2 −µ2 ) ] will tend to be positive when large X1 and X2 tend

to occur together and small X1 and X2 tend to occur together, with high probability.

This measure E [ (X1 − µ1 ) (X2 − µ2 ) ] of joint variation is called the population

covariance of X1 and X2.

If X1 and X2 are independent so f (x1, x2) = f1(x1) f2(x2),

∫ ∞

−∞

∫ ∞

−∞
( x1 − µ1 ) ( x2 − µ2 ) f ( x1, x2 ) dx1 dx2

=
∫ ∞

−∞
( x1 − µ1 ) f1(x1) dx1 ·

∫ ∞

−∞
( x2 − µ2 ) f2(x2) dx2 = 0
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This result concerning zero covariance can be stated as

Independence implies that

the covariance is zero

When X1 and X2 are independent, their covariance

E[ (X1 − µ1 ) (X2 − µ2 ) ] = 0

Further, the expectation of a linear combination of two independent random

variables Y = a1X1 + a2X2 is

µY = E(Y ) = E( a1X1 + a2X2 )

=

∫
∞

−∞

∫
∞

−∞

( a1x1 + a2x2) f1(x) f2(x2) dx1 dx2

= a1

∫
∞

−∞

x1 f1(x1) dx1

∫
∞

−∞

f2(x2) dx2

+ a2

∫
∞

−∞

f1(x1) dx1

∫
∞

−∞

x2 f2(x2) dx2

= a1E(X1) + a2E(X2)

This result holds even if the two random variables are not independent. Also,

Var (Y ) = E (Y − µY )
2

= E[ ( a1X1 + a2X2 − a1µ1 − a2µ2 )
2 ]

= E [ ( a1(X1 − µ1 ) + a2(X2 − µ2 ))
2 ]

= E [ a21 (X1 − µ1)
2

+ a22 (X2 − µ2 )
2

+ 2 a1 a2 (X1 − µ1 )(X2 − µ2 ) ]

= a21E[ (X1 − µ1)
2 ] + a22E[ (X2 − µ2)

2 ] + 2 a1a2E [ (X1 − µ1 ) (X2 − µ2 ) ]

= a21 Var (X1 ) + a22 Var (X2)

since the third term is zero because we assumed X1 and X2 are independent.

These properties hold for any number of random variables whether they are

continuous or discrete.

The mean and variance of

linear combinations

Let Xi have mean µi and variance σ
2
i for i = 1, 2, . . . , k. The linear combination

Y = a1X1 + a2X2 + · · · + akXk has

E ( a1X1 + a2X2 + · · · + akXk ) = a1E(X1) + a2E(X2) + · · · + akE(Xk )

or

µY =

k∑
i=1

ai µi

When the random variables are independent,

Var ( a1X1 + a2X2 + · · · + akXk ) = a21Var (X1)

+ a22Var (X2) + · · · + a2k Var (Xk )

or

σ
2
Y =

k∑
i=1

a2i σ
2
i
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