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EXAMPLE 23

Solution

Marginal density

EXAMPLE 24

Solution
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Determining a joint cumulative distribution function

Find the joint cumulative distribution function of the two random variables of the
preceding exercise, and use it to find the probability that both random variables will
take on values less than 1.

By definition,
X2 X1
/ / 6e 2 Vdudv  forx; >0, xp >0
F(xi,x) = 0 JO
0 elsewhere
so that
(I—e 2)y1—e32)  forx; >0, x>0
F(x1,xp) =
0 elsewhere
and, hence,

F(,)=(1—e2)(1—e3)
=0.8216 ®

Given the joint probability density of k random variables, the probability density
of the ith random variable can be obtained by integrating out the other variables;
symbolically,

oo oo
fi(xi)=/ / SO xg, oo x)dxy odxg_ydxgyy . dxg
—00 —00

and, in this context, the function f; is called the marginal density of the ith random
variable. Integrating out only some of the k random variables, we can similarly define
joint marginal densities of any two, three, or more of the k random variables.

Determining a marginal density from a joint density
With reference to Example 22. find the marginal density of the first random variable.

Integrating out x,, we get

o0
/ 6 21732 gy, forx; >0
0

Sitx) =
0 elsewhere
or
2e~ 2N forx; >0
(x1) =
il { 0 elsewhere u

To explain what we mean by the independence of continuous random vari-
ables, we could proceed as with discrete random variables and define conditional
probability densities first; however, it will be easier to say that
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Independent random
variables

EXAMPLE 25

Solution

EXAMPLE 26

Solution

k random variables X1, ..., X} are independent if and only if
F(xp,x, .00 x) = Fi(xp) - Fplxg) - - - Fr(xg)

for all values xq, xp, ..., x; of these random variables.

In this notation F(xy, xp, ..., X; ) is, as before, the joint distribution function of the
k random variables, while F;(x;) fori = 1, 2, ..., k are the corresponding individual
distribution function of the respective random variables. The same condition applies
for discrete random variables.

Checking independence via the joint cumulative distribution

With reference to Example 23, check whether the two random variables are inde-
pendent.

As we already saw in Example 23, the joint distribution function of the two random
variables is given by

(1—e 1) (1 — e 312) forx; > 0andxy >0

F(xy,x) =
b2 0 elsewhere

Now, since Fj(x1) = F(xy, o0) and F>(xp) = F(00, xp), it follows that

1—e 20 forx; >0
Fl (xl) =
0 elsewhere
and
(o) 1 —e 3% forxy, > 0
XH) =
22 0 elsewhere

Thus, F(x1,x9) = F1(x1) - F5(xp) for all (x1, xp) and the two random variables are
independent. u

When k random variables have a joint probability density, the kK random vari-
ables are independent if and only if their joint probability density equals the prod-
uct of the corresponding values of the marginal densities of the k random variables;
symbolically,

fCxpxo, oo x,) = filxy) - falxp ) filxg ) forall (xp, ..., x;).

Establishing independence by factoring the joint probability density
With reference to Example 22, verify that

Sx1,x) = fi(xy) - falx2)

Example 24 shows that

2e 2 forx; >0

0 elsewhere

fl(xl):{
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Conditional probability
density

EXAMPLE 27

Solution
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and in the same way,

o) 3e7302 forx, >0
X =
22 0 elsewhere
Thus,
6e 21730 forx; > 0andxy > 0
JiGx) - falxg) =
0 elsewhere
and it can be seen that f](x1) - f2(x2) = f(x1, xp) for all (x1, xp). [

Given two continuous random variables X| and X5, we define the conditional
probability density of the first given that the second takes on the value x; as

f(x1,x)

Silxylx) = ()

provided f>(xp ) # 0

where f(x1,xp) and f,(xp) are, as before, the joint density of the two random vari-
ables and the marginal density of the second. Note that this definition parallels that
of the conditional probability distribution on page 163. Also, the joint probability
density is the product

f(x1,x0) = fi(xplx2) f2(x2).

Determining a conditional probability density
If two random variables have the joint probability density

2
—(x14+2x7) forO0<x; <1,0<x <1
P xy) = 3 1 2 1 2

0 elsewhere

find the conditional density of the first given that the second takes on the value x;.

First we find the marginal density of the second random variable by integrating out
x1, and we get

Solxp) = /
0

and f>(xp) = 0 elsewhere. Hence, by definition, the conditional density of the first
random variable given that the second takes on the value x, is given by

) 1
g(x1+2x2)dx1=§(1+4x2) forO <xp <1

2
3FENR) oy 4

S1(xp [ x2) = I +dx

forO0 <x; <1,0<x <1
3(1+4X2)

and fj(x; |xp) =0forx; <Oorx; >1and0 < xp < 1. [
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Expected value of g( X))

EXAMPLE 28

Solution

Properties of Expectation

Consider a function g(X) of a single random variable X. For instance, if X is an oven
temperature in degrees centigrade, then

9
gX) = §X+32

is the same temperature in degrees Fahrenheit.
The expectation of the function g( X ) is again the sum of the products value x
probability.

In the discrete case, where X has probability distribution f(x)
E[gX)] =) gbx)f(x)
X
In the continuous case, where X has probability density function f(x)

o0

8(x) f(x) dx
o0

E[g(X)]=/

If X has mean u = E(X), then taking g(x) = (x — )2, we have E [ g(X)] =

E(X—n )2, which is just the variance o2 of X.

For any random variable Y, let E(Y) denote its expectation, which is also its
mean py. Its variance is Var (Y') which is also written as o%.

When g(x) = ax + b, for given constants a and b, then random variable g( X)
has expectation

00 00 00
E(aX—}—b):/ (ax—l—b)f(x)dx:a/ xf(x)dx—l—b/ f(x)dx
o0 —00 —00

=aE(X)+b
and variance

Var(aX +b) =/

(@]

(ax+b—apy —b)zf(x)dx
(0]

(0, ¢]
=a2/ (x—uX)zf(x)dxzanar(X)

—00
To summarize,

For given constants a and b

E(aX +b)=aEX)+b and Var(aX +b)=a?Var(X)

The mean and standard deviation of a standardized random variable

Let X have mean p and standard deviation o. Use the properties of expectation to
show that the standardized random variable
X—n

o

7 =

has mean O and standard deviation 1.

Since Z is of the form
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EXAMPLE 29

Solution

Expected value of
g( X| s Xz, .o

-9Xk)
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wherea = 1/o and b= —pu /o,

1
EQ=-Ex)-L=-E_E_,
o o o O
and the variance of Z is
1\2 o2
— Var (X) = — = 1
o o
because E(X) = u and Var (X) = o2. [ |

Determining the mean and variance of 20 X

Suppose the daily amount of electricity X required for a plating process has mean
10 and standard deviation 3 kilowatt-hours. If the cost of electricity is 20 dollars per
kilowatt hour, find the mean, variance, and standard deviation of the daily cost of
electricity.

The daily cost of electricity, g(X) = 20X, has mean 20 E(X) = 20 x 10 = 200
dollars and variance (20)2 Var (X) = (20)232 = 3,600. Its standard deviation is

/3,600 = 60 dollars. [
Given any collection of k random variables, the function Y = g(X1, Xp, ..., X})

is also a random variable. Examples include Y = X| — X, when g(x, xp) = x; —xp
and ¥ = 2X; 4+ 3X, when g(x{,xp) = 2x{ + 3x. The random variable g(X{,
X5, ..., X;) has expected value, or mean, which is the sum of the products
value x probability.

In the discrete case,

E[8(X1. X, X )= D0 > oY gy g, oo ) (X1, X0, )
X1 X2 Xk

In the continuous case,

Elg(Xy, Xp, ..., Xp) ]

o o0 o0
=/ / / g(xy,xp, o xp)f (X1, %0, oo X)) dxypdxy - -+ dxy
-0 J—X —0o0

Several important properties of expectation can be deduced from this definition.
Taking g(x1,xp) = (x; — 1) (xp — pup ), we see that the product (x; — )
(x9 — o ) will be positive if both values x| and x, are above their respective means
or both are below their respective means. Otherwise it will be negative. The expected
value E [ (X] — t1 ) (Xo — po ) ] will tend to be positive when large X; and X, tend
to occur together and small X; and X, tend to occur together, with high probability.
This measure E [ (X] — w1 ) (Xo — o )] of joint variation is called the population
covariance of X; and Xj.

If X and X, are independent so f(x1, xp) = f1(x1)f2(x2),

[ee] o0
/ / (31— 1) (52 — o V(3132 Yoy dixy
—00 J —0O0

o0 o0
2/ (x1 —M1)f1(x1)dx1'f (x2 — u2)f2(xp)dxy =0

—00 —
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This result concerning zero covariance can be stated as

L When X; and X, are independent, their covariance
Independence implies that

the covariance is zero E[(X] —pu1)(Xp—pup)]=0

Further, the expectation of a linear combination of two independent random
variables Y = a1 X| + arXj is

py = EY) = E(a;X| +aXp)

(0,@) o0
=/ / (ayx1 + arxp) f1(x) f2(x2) dxy dxy
—00 J—00

00 o0
=a / _X'lfl(Xl)d)Cl / fZ(xz)dxz
00 —0

o0 o0
+a2/ f1(X1)dX1/ X2 f2(x2) dxy

—o0
= a1E(X1) + aE(X3)
This result holds even if the two random variables are not independent. Also,
Var(Y) = E (Y — py)> = E[(a1X] + ayXp — ayuy — app)* ]
= E[(ay(X] — 1) +ax(Xa — 112))* ]
=Ela} (X; — u)? +a3 (Xo — o) +2ayap (X) — 1y )Xo — 112)]
= a{E[(X) — 1)* 1+ GGE[(Xo — 1) 1+ 2a1aE [(X] — 1) (Xa — 1)
= a3 Var (X;) + a5 Var (Xa)

since the third term is zero because we assumed X| and X, are independent.
These properties hold for any number of random variables whether they are
continuous or discrete.

Let X; have mean p; and variance oiz fori =1, 2, ..., k. The linear combination
Y = alxl + a2X2 =+ +aka has

E(a1 Xy +ayXo+ -+ aXy) = a1 E(Xy) + aE(Xp) + -+ - + apE(Xy)

or

k
The mean and variance of e ; “itt
linear combinations When the random variables are independent,
Var (a1 X1 +arxXo + -+ -+ ap Xy ) = a% Var (X1)
+ a% Var(Xp)+--- + a,% Var (X;,)

or
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