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280  CHAPTER 8  An Introduction to Sorting

28       int indexOfMin = first;

29       for (int index = first + 1; index <= last; index++)

30       {

31          if (a[index].compareTo(min) < 0)

32          {

33             min = a[index];

34             indexOfMin = index;

35          } // end if

36          // Assertion: min is the smallest of a[first] through a[index].

37       } // end for

38

39       return indexOfMin;

40    } // end getIndexOfSmallest

41

42    // Swaps the array entries a[i] and a[j].

43    private static void swap(Object[] a, int i, int j)

44    {

45       Object temp = a[i];

46       a[i] = a[j];

47       a[j] = temp;

48    } // end swap

49 } // end SortArray

Question 1 Trace the steps that a selection sort takes when sorting the following array into 

ascending order: 9 6 2 4 8.

Recursive Selection Sort

 8.6 Selection sort also has a natural recursive form. Often recursive algorithms that involve arrays 

operate on a portion of the array. Such algorithms use two parameters, first and last, to des-

ignate the portion of the array containing the entries a[first] through a[last]. The method  

getIndexOfSmallest in Listing 8-1 illustrates this technique. The recursive selection sort  algorithm 

uses this notation as well:

Algorithm selectionSort(a, first, last)

// Sorts the array entries a[first] through a[last] recursively.

if (first < last)

{

   indexOfNextSmallest = the index of the smallest value among

                        a[first], a[first + 1], . . . , a[last]

      Interchange the values of a[first] and a[indexOfNextSmallest]

      // Assertion: a[0] ≤ a[1] ≤ . . . ≤ a[first] and these are the smallest

      // of the original array entries. The remaining array entries begin at a[first  + 1].

      selectionSort(a, first + 1, last)

}

After we place the smallest entry into the first position of the array, we ignore it and sort the 
rest of the array by using a selection sort. If the array has only one entry, sorting is unnecessary. In 

this case, first and last are equal, so the algorithm leaves the array unchanged.
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 8.7 When we implement the previous recursive algorithm in Java, the resulting method will have first 

and last as parameters. Thus, its header will differ from the header of the iterative method 

 selectionSort given in Segment 8.5. We could, however, provide the following method to  

simply invoke the recursive method:

public static <T extends Comparable<? super T>>

             void selectionSort(T[] a, int n)

{

   selectionSort(a, 0, n − 1); // Invoke recursive method

} // end selectionSort

Whether you make the recursive method selectionSort private or public is up to you, but 

making it public provides the client with a choice of two ways in which to invoke the sort. 

In a similar fashion, you could revise the iterative selection sort given in Segment 8.5 to use 

the  parameters first and last (see Exercise 6) and then provide the method just given to 

invoke it.

With these observations in mind, we will make the subsequent sorting algorithms more  general 

by giving them three parameters—a, first, and last—so that they sort the entries a[first] 

through a[last].

The Efficiency of Selection Sort
 8.8 In the iterative method selectionSort, the for loop executes n − 1 times, so it invokes the methods 

getIndexOfSmallest and swap n − 1 times each. In the n − 1 calls to getIndexOfSmallest, last is 

n − 1 and first ranges from 0 to n − 2. Each time getIndexOfSmallest is invoked, its loop executes 

last - first times. Since last − first ranges from (n − 1) − 0, or n − 1, to (n − 1) − (n − 2), or 1, 
this loop executes a total of

(n − 1) + (n − 2) + . . . + 1

times. This sum is n (n − 1)/2. Therefore, since each operation in the loop is O(1), the selection 
sort is O(n2). Notice that our discussion does not depend on the nature of the data in the array. It 

could be wildly out of order, nearly sorted, or completely sorted; in any case, selection sort would 

be O(n2).

The recursive selection sort performs the same operations as the iterative selection sort, and 

so it is also O(n2).

Note: The time efficiency of selection sort
Selection sort is O(n2) regardless of the initial order of the entries in an array. Although the sort 

requires O(n2) comparisons, it performs only O(n) swaps. Thus, the selection sort requires little 

data movement.

Insertion Sort

 8.9 Another intuitive sorting algorithm is the insertion sort. Suppose again that you want to rear-

range the books on your bookshelf by height, with the shortest book on the left. If the left-

most book on the shelf were the only book, your shelf would be sorted. But you also have all 

the other books to sort. Consider the second book. If it is taller than the first book, you now 
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have two sorted books. If not, you remove the second book, slide the first book to the right, 

and insert the book you just removed into the first position on the shelf. The first two books are 

now sorted.

Now consider the third book. If it is taller than the second book, you now have three sorted 

books. If not, remove the third book and slide the second book to the right, as Parts a through c 

of Figure 8-3 illustrate. Now see whether the book in your hand is taller than the first book. If so, 
insert the book into the second position on the shelf, as shown in Figure 8-3d. If not, slide the first 
book to the right, and insert the book in your hand into the first position on the shelf. If you repeat 
this process for each of the remaining books, your bookshelf will be arranged by the heights of 

the books.

VideoNote

 Insertion sort

FIGURE 8-3 The placement of the third book during an insertion sort

(a)

(b)

(c)

(d)

Figure 8-4 shows the bookshelf after several steps of the insertion sort. The books on the left 

side of the shelf are sorted. You remove the next unsorted book from the shelf and slide sorted 

books to the right, one at a time, until you find the right place for the book in your hand. You then 
insert this book into its new sorted location.
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Iterative Insertion Sort

 8.10 An insertion sort of an array partitions—that is, divides—the array into two parts. One part is 

sorted and initially contains just the first entry in the array. The second part contains the remaining 
entries. The algorithm removes the first entry from the unsorted part and inserts it into its proper 
sorted position within the sorted part. Just as you did with the bookshelf, you choose the proper 

position by comparing the unsorted entry with the sorted entries, beginning at the end of the sorted 

part and continuing toward its beginning. As you compare, you shift array entries in the sorted part 

to make room for the insertion.

Figure 8-5 illustrates these steps for a sort that has already positioned the first three entries 

of the array. The 3 is the next entry that must be placed into its proper position within the sorted 

region. Since 3 is less than 8 and 5 but greater than 2, the 8 and 5 are shifted to make room 
for the 3.

FIGURE 8-4 An insertion sort of books 

Sorted

1. Remove the next unsorted book.

2. Slide the sorted books to the right one by one until

    you find the right spot for the removed book.

3. Insert the book into its new position.

FIGURE 8-5  Inserting the next unsorted entry into its proper location 

within the sorted portion of an array during an insertion sort

Sorted Unsorted

2 5 8 3 9 4 1

2 5 8 9 4 1

2 5 8 9 4 1
3

2 5 8 9 4 1

2 5 8 9 4 1

Sorted Unsorted

2 3 5 8 9 4 1
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Figure 8-6 illustrates an entire insertion sort of an array of integers. At each pass of the algo-

rithm, the sorted part expands by one entry as the unsorted part shrinks by one entry. Eventually, 

the unsorted part is empty and the array is sorted.

FIGURE 8-6 An insertion sort of an array of integers into ascending order

8 2 6 4 9 7 1

8 2 6 4 9 7 1

2 8 6 4 9 7 1

2 6 8 4 9 7 1

2 4 6 8 9 7 1

2 4 6 8 9 7 1

2 4 6 7 8 9 1

1 2 4 6 7 8 9

The following iterative algorithm describes an insertion sort of the entries at indices first 

through last of the array a. To sort the first n entries in the array, the call to the algorithm would be 
insertionSort(a, 0, n − 1).

Algorithm insertionSort(a, first, last)

// Sorts the array entries a[first] through a[last] iteratively.

for (unsorted = first + 1 through last)

{

   nextToInsert = a[unsorted]

   insertInOrder(nextToInsert, a, first, unsorted − 1)

}

The sorted part contains one entry, a[first], and so the loop in the algorithm begins at index first + 

1 and processes the unsorted part. It then invokes another method—insertInOrder—to perform the 

insertions. In the pseudocode that follows for this method, anEntry is the value to be inserted into its 

proper position, and begin and end are array indices.

Algorithm insertInOrder(anEntry, a, begin, end)

// Inserts anEntry into the sorted entries a[begin] through a[end].

index = end                // Index of last entry in the sorted portion

// Make room, if needed, in sorted portion for another entry

while ( (index >= begin) and (anEntry < a[index]) )

{

   a[index + 1] = a[index] // Make room

   index−−

}

// Assertion: a[index + 1] is available.

a[index + 1] = anEntry         // Insert
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Recursive Insertion Sort

 8.11 You can describe an insertion sort recursively as follows. If you sort all but the last item in the array—

a smaller problem than sorting the entire array—you then can insert the last item into its proper posi-

tion within the rest of the array. The following pseudocode describes a recursive insertion sort:

Algorithm insertionSort(a, first, last)

// Sorts the array entries a[first] through a[last] recursively.

if (the array contains more than one entry)

{

    Sort the array entries a[first] through a[last − 1]

    Insert the last entry a[last] into its correct sorted position within the rest of the array

}

We can implement this algorithm in Java as follows:

public static <T extends Comparable<? super T>>

       void insertionSort(T[] a, int first, int last)

{

   if (first < last)

   {

      // Sort all but the last entry

      insertionSort(a, first, last − 1);

      // Insert the last entry in sorted order

      insertInOrder(a[last], a, first, last − 1);

   } // end if

} // end insertionSort

 8.12 The algorithm insertInOrder: first draft. The previous method can call the iterative version of 

insertInOrder, given earlier, or the recursive version that we now describe. If the entry to insert 

is greater than or equal to the last item in the sorted portion of the array, the entry belongs imme-

diately after this last item, as Figure 8-7a illustrates. Otherwise, we move the last sorted item to 

the next higher position in the array and insert the entry into the remaining portion, as shown in 

Figure 8-7b.

We can describe these steps more carefully as follows:

Algorithm insertInOrder(anEntry, a, begin, end)

// Inserts anEntry into the sorted array entries a[begin] through a[end].

// First draft.

if (anEntry >= a[end])

   a[end + 1] = anEntry

else

{

   a[end + 1] = a[end]

   insertInOrder(anEntry, a, begin, end − 1)

}

Question 2 Trace the steps that an insertion sort takes when sorting the following array into 

ascending order: 9 6 2 4 8.
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