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CHAPTER 6  Linear Programming: The Simplex Method

There will be (m + 2)(m + 1)/2 = 10 rows in the table of basic solutions.
Because there are two decision variables, x; and x,, we assign two zeros to each row of
the table in all possible combinations.

xq X 51 52 53
0 0
0 0
0 0
0 0
0
0
0
0
0

We complete the table working one row at a time. We substitute 0’s for the two
variables indicated by the row, in the e-system (5). The result is a system of three
equations in three variables, which can be solved by Gauss—Jordan elimination, or by
another of our standard methods. Table 5 shows all ten basic solutions, and the values
of the objective function, P = 40x; + 50x,, at the five basic feasible solutions.

Table 5 The Table Method

X1 X5 51 5 53 P = 40x; + 50x,
0 0 72 45 72 0
0 12 0 9 36 600
0 15 —18 0 27 -
0 24 =72 =27 0 -

72 0 0 =27 =72 -

45 0 27 0 —18 -

36 0 36 9 0 1,440
18 9 0 0 9 1,170

24 8 0 -3 0 -

27 6 9 0 0 1,380

‘We conclude that
Max P = 1,440 at x; = 36,x, = 0

Matched Problem 3] Construct the table of basic solutions and use it to solve the
following linear programming problem:
Maximize P = 36x; + 24x,
subjectto  x; + 2x, = 8
X+ x
2x; + x,

X1, X2

IA

I

5
8
0

I\

_

Basic and Nonbasic Variables

The basic solutions associated with a linear programming problem are found by
assigning the value O to certain decision variables (the x;’s) and slack variables
(the s;’s). Consider, for example, row 2 of Table 5. That row shows the basic solution
(x1, X2, 81, 82, 853) = (0,12,0,9,36). It is customary to refer to the variables that
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are assigned the value 0 as nonbasic variables, and to the others as basic variables.
So for the basic solution of row 2, the basic variables are x,, s,, and s3; the nonbasic
variables are x; and s;.

Note that the classification of variables as basic or nonbasic depends on the basic
solution. Row 8 of Table 5 shows the basic solution (xi, X, 51, 52, 53) = (18,9, 0,
0,9). For row 8, the basic variables are x;, x,, and s3; the nonbasic variables are s,
and s,.

m Basic and Nonbasic Variables Refer to Table 5. For the basic\
solution (xy, X5, 1, 82, 853) = (36,0,36,9,0) in row 7 of Table 5, classify the
variables as basic or nonbasic.

SOLUTION The basic variables are x;, s;, and s,. The other variables, x, and s3,
were assigned the value 0, and therefore are nonbasic.

Matched Problem 4] Refer to Table 5. For the basic solution (xi,x,, 51, 52, 53)
=(27,6,9,0,0) of row 10, classify the variables as basic or nonbasic. _

Use the table method to solve the following linear programming problem, and
explain why one of the rows in the table cannot be completed to a basic solution:

Maximize P = 10x; + 12x,
subject to X tx=2
X1 + Xy =3

X1, Xo =0

Summary

The examples in this section illustrate the table method when there are two decision
variables. But the method can be used when there are k decision variables, where k is
any positive integer.

The number of ways in which r objects can be chosen from a set of n objects,
without regard to order, is denoted by ,C, and given by the formula

n!

C = =
Tl (n =)

(The formula, giving the number of combinations of n distinct objects taken r at a
time, is explained and derived in Chapter 7). If there are k decision variables and m
problem constraints in a linear programming problem, then the number of rows in the
table of basic solutions is 4+ ,,Cy, because this is the number of ways of selecting k of
the k + m variables to be assigned the value 0.

PROCEDURE The Table Method (k Decision Variables)

Assume that a standard maximization problem in standard form has k decision vari-
ables xy, X, ..., X3, and m problem constraints.

Step 1 Use slack variables sy, s5, ..., 5, to convert the i-system to an e-system.

Step 2 Form a table with ; ;. ,,C; rows and k + m columns labeled x;, x,, ..., X,
S1s 825 -5 8, In the first row, assign 0 to xy, Xy, ..., x;. Continue until the
rows contain all possible combinations of assigning k 0’s to the variables.

(Continued)
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Step 3 Complete each row to a solution of the e-system, if possible. Because k of
the variables have the value 0, this involves solving a system of m linear
equations in m variables. Use the Gauss—Jordan method, or another method
if you find it easier. If the system has no solutions, or infinitely many solu-
tions, do not complete the row.

Step 4 Solve the linear programming problem by finding the maximum value of
P over those completed rows that have no negative values (that is, over the
basic feasible solutions).

The benefit of the table method is that it gives a procedure for finding all corner
points of the feasible region without drawing a graph.

Unfortunately, the number of rows in the table becomes too large to be practical,
even for computers, when the number of decision variables and problem constraints
is large. For example, with k = 30 decision variables and m = 35 problem con-
straints, the number of rows is

65C30 ~ 3 X 1018

We need a procedure for finding the optimal solution of a linear programming
problem without having to find every corner point. The simplex method, discussed
in the next section, is such a procedure. It gives a practical method for solving large
linear programming problems.

Skills Warm-up Exercises

In Problems 9-16, write the e-system obtained via slack variables
. . . for the given linear programming problem.
In Problems 14, if necessary, review Section B.3.
9. Maximize P = 5x; + 7
1. In how many ways can two variables be chosen from xy, x,, X g " 2
$1, $2, 83 and assigned the value 0? subject to 2+ 35 =9
6x; + Tx, = 13
2. In how many ways can two variables be chosen from x, x,, ! 2 _
s1, 5 and assigned the value 0? X% =0
3. In how many ways can two variables be chosen from x;, x,, 10. Maximize P = 35x; + 25x,
X3, 81, 2, 3 and assigned the value 0? subject to 10x; + 15x, = 100
4. In how many ways can three variables be chosen from xy, x», Sx; + 20x, = 120
X3, 81, 2, 83, 84, §5 and assigned the value 0? X, X% =0
N
11. Maximize P = 3x; + 5x,
Problems 5-8 refer to the system subject to 12x; — 14x, = 55
2x1 + 5)62 + 81 =10 19.X1 + 5x2 =40
X1 + 3X2 + § = 8 —8x1 + IIX2 = 64
5. Find the solution of the system for which x; = 0, s; = 0. X, % =0
6. Find the solution of the system for which x; = 0, 5, = 0. 12. Maximize P = 13x + 255,
subject to 3x; + 5xp = 27

7. Find the solution of the system for which x, = 0, s, = 0.

8x; +3x =19

8. Find the solution of the system for which x, = 0, s; = 0. 4x; + 9x, = 34

X1, Xy = 0
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13. Maximize P = 4x; + Tx,
subject to 6x; + 5x, = 18
X1, Xy = 0

14. Maximize P = 13x; + 8x,
X1 + 2X2 =20
X, X =0

P=x1+2x2

subject to

15. Maximize

A
%)

subject to 4x; — 3x, =
S5xp + 2x =25
—3x; +Tx, =3
20+ =9
X, X =0
16. Maximize P = 8x; + 9x,
30x; — 25x,
10x; + 13x,
S5x; + 18x,
40x; + 36x,

X1, X2

I\

IA
S 0 A W
S G

subject to

I\

o

I

W

v

Problems 17-26 refer to the table below of the six basic solutions
to the e-system

2x; + 3x, + s; =24

4x; + 3x, + 5 = 36
X1 X2 51 52
(A) 0 0 24 36
(B) 0 8 0 12
(©) 0 12 —-12 0
(D) 12 0 0 =12
E) 9 0 6 0
(F) 6 4 0 0

17. In basic solution (A), which variables are basic?
18. In basic solution (B), which variables are nonbasic?
19. In basic solution (C), which variables are nonbasic?
20. In basic solution (D), which variables are basic?
21. In basic solution (E), which variables are nonbasic?
22. In basic solution (F), which variables are basic?

23. Which of the six basic solutions are feasible? Explain.

24. Which of the basic solutions are not feasible? Explain.

25. Use the basic feasible solutions to maximize P = 2x; + 5x,.

26. Use the basic feasible solutions to maximize P = 8x; + 5x,.

Problems 27-36 refer to the partially completed table below of
the 10 basic solutions to the e-system

X1 + X + S1 =24
2x; + x, + 5 =30
4x1 + X2 + §3 = 48

27.
28.
29.
30.
31.

32.

33.
34.
35.
36.

X1 X, s1 kP 53
(A) 0 0 24 30 48
(B) 0 24 0 6 24
(©) 0 30 -6 0 18
(D) 0 48 —24 —18 0
(E) 24 0 0 —18 —48
(F) 15 0 9 0 —i12
(G) 0 0
(H) 0 0

()

Q) 0

In basic solution (C), which variables are basic?

In basic solution (E), which variables are nonbasic?
In basic solution (G), which variables are nonbasic?
In basic solution (I), which variables are basic?

Which of the basic solutions (A) through (F) are not feasible?
Explain.

Which of the basic solutions (A) through (F) are feasible?
Explain.

Find basic solution (G).
Find basic solution (H).
Find basic solution (I).

Find basic solution (J).

In Problems 37-44, convert the given i-system to an e-system using
slack variables. Then construct a table of all basic solutions of the
e-system. For each basic solution, indicate whether or not it is feasible.

37. 4x; + 5x, = 20 38. 3x; + 8x, =24
X1, Xp =0 X1, X2 =0
39. X + X = 6 40. le + X = 15
X+ 4x =12 X1+t =7
X, X% =0 X% =0
41. 2x; + 5x, = 20 42. x; + 3x, = 18
X + ZXQ = 9 le + 4)(2 = 35
X% =0 x,x =0
43. X1 + 2X2 = 24 44. 5.X1 + 4.X2 = 240
X1 + X = 15 5X1 + 2)C2 = 150
2x + xp, =24 S5x + x =120
X, X% =0 X, X =0

In Problems 45-50, graph the system of inequalities from the
given problem, and list the corner points of the feasible region.
Verify that the corner points of the feasible region correspond to
the basic feasible solutions of the associated e-system.

45.
47.
49.

Problem 37 46. Problem 38
Problem 39 48. Problem 40
Problem 41 50. Problem 42
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In Problems 51-58, solve the given linear programming 60. A linear programming problem has five decision variables
problem using the table method (the table of basic solutions was X1, Xp, X3, X4, X5 and six problem constraints. How many rows
constructed in Problems 37—-44). are there in the table of basic solutions of the associated
- ?
51. Maximize P = 10x, + 9x, e-system:
subject to 4x, + 5x, = 20 61. A linear programming problem has 30 decision variables
=0 X1, X2, - .. ,X3oand 42 problem constraints. How many
X = rows are there in the table of basic solutions of the
52, Maximize P = 4x; + 7x, assogiated e-system? (Write the answer using scientific
notation.)
subject to 3x; + 8x, =24
- 62. A linear programming problem has 40 decision variables
X, X% =0 X1, Xp5 « .. X4 and 85 problem constraints. How many
53. Maximize P = 15x, + 20x, rows are there in the table of basic solutions of the
subject to XNt o5 =6 assoc:.lated e-system? (Write the answer using scientific
notation.)
X+ dx, = 12
X, % =0 Answers to Matched ProblemsJ
54. Maximize = 5x; + 20x, L (x, x5, 8) = (7,0,0,13)
subject to 5% +x, =15 2. x X2 51 52 P = 30x; + 40x,
0 24 36 0
X1 + Xy =7
0 12 320
X1, Xp =0
12 =2 0 =
55. Maximize P = 25x; + 10x, 12 0 0 ~12 —
subject to 2x; + 5x, = 20 9 0 6 0 270
X +2%n =9 6 4 0 0 340
X, X =0 Max P = 340 atx; = 6,x, = 4
56. Ma).umlze P = 40x; + 50x, 3. x xs 51 $5 53 P = 36x; + 24x,
subject to x+3x =18 0 0 5 3 0
5x; + 4x, = 35 0 4 0 1 4 96
X1, Xp =0 0 5 -2 0 3 -
57. Maximize P = 30x; + 40x, 0 8 -8 -3 0 -
subject to X+ 2x =24 8 0 0 =3 -8 -
x+ x =15 5 0 3 0 —2 -
2+ x =24 4 0 4 1 0 144
X, % =0 2 3 0 0 1 144
. 8/3 8/3 0 -1/3 0 —
58. Maximize P = x; + x,
) 3 2 1 0 0 156
subject to Sx; + 4x, = 240
5x + 2x = 150 Max P = 156 atx; = 3,x, = 2
5x + x =120 4. x1, xp, and s, are basic; s, and s; are nonbasic
X, x =0

59. A linear programming problem has four decision variables
X1, X2, X3, X4, and six problem constraints. How many rows
are there in the table of basic solutions of the associated
e-system?
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6.2 The Simplex Method:

Maximization with Problem Constraints of the Form =

* Initial System Now we can develop the simplex method for a standard maximization problem. The
simplex method is most useful when used with computers. Consequently, it is not

e Simplex Tableau " i - : ]
intended that you become an expert in manually solving linear programming prob-

* Pivot Operation lems using the simplex method. But it is important that you become proficient in
* Interpreting the Simplex Process constructing the models for linear programming problems so that they can be solved
Geometrically using a computer, and it is also important that you develop skill in interpreting the

results. One way to gain this proficiency and interpretive skill is to set up and manu-
ally solve a number of fairly simple linear programming problems using the simplex
* Application method. This is the main goal in this section and in Sections 6.3 and 6.4. To assist
you in learning to develop the models, the answer sections for Exercises 6.2, 6.3, and
6.4 contain both the model and its solution.

* Simplex Method Summarized

Initial System
We will introduce the concepts and procedures involved in the simplex method

through an example—the tent production example discussed earlier. We restate the
problem here in standard form for convenient reference:

Maximize P = 50x; + 80x, Objective function
subjectto  x; + 2x, = 32 ,
Problem constraints (1)
3x; + 4x, = 84

XX = 0 Nonnegative constraints

Introducing slack variables s; and s,, we convert the problem constraint inequalities
in problem (1) into the following system of problem constraint equations:

X1 + 2)(32 + N =32
3X] + 4.X2 + S = 84 (2)
X1 X2, 815 52 = O

Since a basic solution of system (2) is not feasible if it contains any negative values,
we have also included the nonnegative constraints for both the decision variables x;
and x, and the slack variables s, and s,. From our discussion in Section 6.1, we know
that out of the infinitely many solutions to system (2), an optimal solution is one of the
basic feasible solutions, which correspond to the corner points of the feasible region.

As part of the simplex method we add the objective function equation
P = 50x; + 80x, in the form —50x; — 80x, + P = 0 to system (2) to create what is
called the initial system:

X1 + 2X2 + 81 =32
3X1 + 4.X'2 + Y - 84 (3)
_50)61 - 80)62 +P= 0

X1s X2, 815 82 = 0

When we add the objective function equation to system (2), we must slightly
modify the earlier definitions of basic solution and basic feasible solution so that they
apply to the initial system (3).

DEFINITION Basic Solutions and Basic Feasible Solutions for Initial Systems

1. The objective function variable P is always selected as a basic variable.
2. Note that a basic solution of system (3) is also a basic solution of system (2)
after P is deleted.
(Continued)
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