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6.1.3.

6.1.4.

6.1.5.

6.1.6.

6.1.7.

Infinite Series of Real Numbers

o k(k +2)
9 kgzlog <(k + 1)2>
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Prove that each of the following series diverges.
x 1
a) kgl cos (k_z)

b) ki::l (1 - %>k

5 %":k—l—l

=1 k2

Let ag, a1, . .. be a sequence of real numbers. If ¢y — L as k — oo, does

oo
> (k1 — 2ak + ag—1)
k=1

converge? If so, what is its value?
Find all x € R for which

k=1

converges. For each such x, find the value of this series.

a) Prove thatif ) ;2 ax converges, then its partial sums s, are bounded.
b) Show that the converse of part a) is false. Namely, show that a series
Y e, ax may have bounded partial sums and still diverge.

Suppose that [ is a closed interval and x¢ € I. Suppose further that f is
differentiable on R, that f/(a) # 0 for some a € R, that the function

f(x)

f'(a)

satisfies F(I) € I, and that there is a number 0 < r < 1 such that
f'x)/f'(@) € [1 —r,1]forall x € I.

a) Prove that [F(x) — F(y)| <r|x — y|forallx,y € I.

b) Ifx, := F(x,—1) for n € N, prove that |x,+| — x,| < r"|x; — x| for all

n € N.
c) Ifx, =xy—1 — f(xn—1)/f'(a) for n € N, prove that

F(x) =x—

b := lim x,
n—oo

exists, belongs to 7, and is a root of f; that is, that f(b) = 0.
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a) Suppose that {a;} is a decreasing sequence of real numbers. Prove
that if Z,fil ax converges, then kay — 0 as k — oo.

b) Lets, = > }_;(=D*T!/k for n € N. Prove that sy, is strictly increas-
ing, so,+1 is strictly decreasing, and sy, 41 — 52, — 0 as n — 0.

c) Prove that part a) is false if decreasing is removed.

Let {bx} be a real sequence and b € R.

a) Suppose that there are M, N € Nsuch that |b—by| < M forallk > N.
Prove that

N
<Y bk —bl+M@n—N)
k=1

nb — ibk
kzl

foralln > N.
b) Prove thatif by — b as k — oo, then

bi+by+---+by
n

— b

asn — oo.
c¢) Show that the converse of b) is false.

A series Y o ai is said to be Cesdro summable to an L € Rif and only if

n—1 k
Opi= Z (l — ;) ay

k=0
converges to L asn — oo.

a) Lets, = Y ", ax. Prove that

sl+"'+Sn
op=—""—""

for each n € N.

b) Prove that if ¢y € Rand Y ;2 ax = L converges, then Y oo, ak is
Cesaro summable to L.

c) Prove that Z,fio(—l)k is Cesaro summable to 1/2; hence the converse
of b) is false.

d) [TauBer’s THEOREM]. Prove that if ax > 0 for k € N and ) ;7 ax is
Cesaro summable to L, then Z,fozo ar = L.

Suppose that a; > 0 for k large and that Y7, ax/k converges. Prove that

o0
. ag
lim E =0.
j k=1j +k
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6.1.12. If Y} _, kax = (n + 1)/(n + 2) for n € N, prove that

6.2 SERIES WITH NONNEGATIVE TERMS

Although we obtained exact values in the preceding section for telescopic series
and geometric series, finding exact values of a given series is frequently difficult,
if not impossible. Fortunately, for many applications it is not as important to
be able to find the value of a series as it is to know that the series converges.
When it does converge, we can use its partial sums to approximate its value as
accurately as we wish (up to the limitations of whatever computing device we
are using). Therefore, much of this chapter is devoted to establishing tests which
can be used to decide whether a given series converges or whether it diverges.

The partial sums of a divergent series may be bounded [like 32, (—1)¥] or
unbounded [like ) 7, 1/k]. When the terms of a divergent series are nonnega-
tive, the former cannot happen.

6.11 Theorem. Suppose that ai > 0 for large k. Then Y ;2 | ar converges if and
only if its sequence of partial sums {s,} is bounded; that is, if and only if there
exists a finite number M > 0 such that

n
D a

k=1

< M foralln € N.

Proof. Sets, =Y j_,axforn € N. If Y 22, ax converges, then s, converges as
n — oo. Since every convergent sequence is bounded (Theorem 2.8), Y72 | ax
has bounded partial sums.

Conversely, suppose that |s,| < M for n € N. Recall from Section 2.1
that a; > 0 for large k means that there is an N € N such that ¢, > 0 for
k > N. It follows that s, is an increasing sequence when n > N. Hence by the
Monotone Convergence Theorem (Theorem 2.19), s, converges. [ |

If a; > Ofor large k, we shall write Z,fi 1 ax < oo when the series is convergent
and ) o2, ax = oo when the series is divergent.

In some cases, integration can be used to test convergence of a series. The
idea behind this test is that

0 0o k+1 00
/1 foydx=)Y | f@ydex)fk)
k k=1

1 vk

when f is almost constant on each interval [k, k 4 1]. This will surely be the case
for large k if f(k) | 0 as k — oo (see Figure 6.1). This observation leads us to
the following result.
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FIGURE 6.1

6.12 Theorem. [INTEGRAL TEST].

Suppose that f : [1,00) — R is positive and decreasing on [1,00). Then
Y ie, f(k) converges if and only if f is improperly integrable on [1, 00); that
is, if and only if

/Oof(x)dx < 0.
1

Proof. Lets, = Y j_, f(k) and 1, = [ f(x)dx for n € N. Since f is
decreasing, f islocally integrable on [1, co) (see Exercise 5.1.8) and f(k+1) <
f(x) < f(k) for all x € [k, k + 1]. Hence, by the Comparison Theorem for
Integrals,

k+1
Flk+1) < / F)dx < £
k

for k € N. Summing over k = 1,...,n — 1, we obtain

n n n—1
5= =Y f0 = [ fwdx =62 Y f6) =5, - )
k=2 ! k=1
for alln > N. In particular,

f(@n) SZf(k)—/nf(x)dxff(l) forn € N. 3)
k=1 1
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By (3) it is clear that {s,} is bounded if and only if {z,} is. Since f(x) > 0
implies that both s, and ¢, are increasing sequences, it follows from the Mono-
tone Convergence Theorem that s, converges if and only if 7, converges, as
n — oo. |

This test works best on series for which the integral of f can be easily com-
puted or estimated. For example, to find out whether Y 72, 1/(1 +k?) converges

or diverges, let f(x) = 1/(1 + x?) and observe that f is positive on [1, 0o). Since

fl(x) = =2x/(1 + x*)?is negative on [1, 00), it is also clear that f is decreasing.
Since
© dx 0o T
—— = arctanx |] = — —arctan(1) < oo,
1 1+x2 2

it follows from the Integral Test that 322, 1/(1 + k%) converges.
The Integral Test is most widely used in the following special case.

6.13 Corollary. [p- SERIES TEST]. The series
0.¢]
1
Zk_ﬁ 4)
k=1
converges if and only if p > 1.
Proof. If p = 1 or p < 0, the series diverges. If p > 0 and p # 1, set

f(x) = x~P and observe that f'(x) = —px~P~! < 0forall x € [1, c0). Hence,
f is nonnegative and decreasing on [1, co). Since

— = lim = lim
xP n—>ool—p n— 00 l—p

/oodx ooxtr o onltr—
1

has a finite limit if and only if 1 — p < 0, it follows from the Integral Test that
(4) converges if and only if p > 1. |

The Integral Test, which requires f to satisfy some very restrictive hypothe-
ses, has limited applications. The following test can be used in a much broader
context.

6.14 Theorem. [COMPARISON TEST].
Suppose that 0 < ay < by, for large k.

) If > 72 b < oo, then Y 2, ax < oo.

i) If Y 2o, ak = oo, then Y po | by = oc.
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Proof. By hypothesis, choose N € N so large that 0 < a; < by for k > N.
Sets, = > j_jakandt, =Y ;_ bx, n € N. Then0 < s, — sy < 1, — ty for
all » > N. Since N is fixed, it follows that s,, is bounded when 1, is, and ¢, is
unbounded when s, is. Apply Theorem 6.11 and the proof of the theorem is
complete. |

The Comparison Test is used to compare one series with another whose con-
vergence property is already known (e.g., a p-series or a geometric series).
Frequently, the inequalities |sinx| < |x| for all x € R (see Appendix B) and
|log x| < x* for each @ > 0 provided x is sufficiently large (see Exercise 4.4.6)
are helpful in this regard. Although there is no simple algorithm for this process,
the idea is to examine the terms of the given series, ignoring the superfluous fac-
tors, and dominating the more complicated factors by simpler ones. Here is a
typical example.

6.15 EXAMPLE.

Determine whether the series

o0
3k log k
P et 5)
k:lk +k k

converges or diverges.

Solution. The kth term of this series can be written by using three factors:

1 3k [logk
kk+1 k

The factor 3k/(k + 1) is dominated by 3. Since logk < Vk for large k, the factor

J/log k/k satisfies
log k _ vk 1
kK~ N &k Yk

for large k. Therefore, the terms of (5) are dominated by 3/k>/4. Since
> 72, 3/k>/% converges by the p-Series Test, it follows from the Comparison
Test that (5) converges. |

The Comparison Test may not be easy to apply to a given series, even when
we know which series it should be compared with, because the process of com-
parison often involves use of delicate inequalities. For situations like this, the
following test is usually more efficient.
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