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Figure 23

Functions and Their Graphs

The absolute maximum and absolute minimum of a function f are sometimes
called the extreme values of fon /.

The absolute maximum or absolute minimum of a function fmay not exist. Let’s
look at some examples.

( EXAMPLE 5 |

(3, 6)
(5,9)

(4.4)

Finding the Absolute Maximum and the Absolute Minimum
from the Graph of a Function

For each graph of a function y = f(x) in Figure 23 on the following page, find the
absolute maximum and the absolute minimum, if they exist.

(5,4)

(®.3) 0,3)

(1.1) 2.1 (0,0)

Solution

THEOREM

1 3 5 1 3 5 1 3 5
(c)

(a) The function fwhose graph is given in Figure 23(a) has the closed interval [0, 5]
as its domain. The largest value of fis f(3) = 6, the absolute maximum. The
smallest value of fis f(0) = 1, the absolute minimum.

(b) The function f whose graph is given in Figure 23(b) has the domain

{x]1 = x = 5, x # 3}. Note that we exclude 3 from the domain because of the

“hole” at (3, 1). The largest value of f on its domain is f(5) = 3, the absolute

maximum. There is no absolute minimum. Do you see why? As you trace the

graph, getting closer to the point (3, 1), there is no single smallest value. [As
soon as you claim a smallest value, we can trace closer to (3,1) and get a smaller
value!]

(c) The function f whose graph is given in Figure 23(c) has the interval [0, 5] as

its domain. The absolute maximum of fis f(5) = 4. The absolute minimum

is 1. Notice that the absolute minimum 1 occurs at any number in the interval

[1,2].

The graph of the function f given in Figure 23(d) has the interval [0, 0) as its

domain. The function has no absolute maximum; the absolute minimum is

f(0) = 0.

The graph of the function fin Figure 23(e) has the domain {x|1 = x <5, x # 3}.

The function f has no absolute maximum and no absolute minimum. Do you

see why? .J

In calculus, there is a theorem with conditions that guarantee a function will
have an absolute maximum and an absolute minimum.

(d)

(e)

Extreme Value Theorem

If fis a continuous function* whose domain is a closed interval [a, b], then f
has an absolute maximum and an absolute minimum on [a, b]. N

™ -Now Work proBLEM 45

* Although it requires calculus for a precise definition, we’ll agree for now that a continuous function is
one whose graph has no gaps or holes and can be traced without lifting the pencil from the paper.
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Functions and Their Graphs

Use a Graphing Utility to Approximate Local Maxima

and Local Minima and to Determine Where a Function

Is Increasing or Decreasing

To locate the exact value at which a function f has a local maximum or a local
minimum usually requires calculus. However, a graphing utility may be used to
approximate these values by using the MAXIMUM and MINIMUM features.

( EXAMPLE 6 |

Solution

Figure 24

DEFINITION

Using a Graphing Utility to Approximate Local Maxima
and Minima and to Determine Where a Function Is Increasing
or Decreasing

(a) Use a graphing utility to graph f(x) = 6x> — 12x + 5 for —2 < x < 2.

Approximate where f has a local maximum and where f has a local minimum.

(b) Determine where f is increasing and where it is decreasing.

(a) Graphing utilities have a feature that finds the maximum or minimum point of

a graph within a given interval. Graph the function f for —2 < x < 2. The
MAXIMUM and MINIMUM commands require us to first determine the
open interval /. The graphing utility will then approximate the maximum or
minimum value in the interval. Using MAXIMUM we find that the local
maximum is 11.53 and it occurs at x = —0.82, rounded to two decimal places.
See Figure 24(a). Using MINIMUM, we find that the local minimum is —1.53
and it occurs at x = 0.82, rounded to two decimal places. See Figure 24(b).

30
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(a) (b)

(b) Looking at Figures 24(a) and (b), we see that the graph of f is increasing from

In
of

x = —2tox = —0.82 and from x = 0.82 to x = 2, so f is increasing on the
intervals (=2, —0.82) and (0.82,2) or for =2 < x < —0.82 and 0.82 < x < 2.
The graph is decreasing from x = —0.82 to x = 0.82, so f is decreasing on the
interval (—0.82,0.82) or for —0.82 < x < 0.82. .J

-Now Work proBLEM 53

7 Find the Average Rate of Change of a Function

Section 3, we said that the slope of a line could be interpreted as the average rate
change. To find the average rate of change of a function between any two points

on its graph, calculate the slope of the line containing the two points.

If a and b, a # b, are in the domain of a function y = f(x), the average rate of
change of f from a to b is defined as

Ay  f(b) — f(a)
= = #*
Average rate of change Ax b—a a#b @

_J

The symbol Ay in (1) is the “change in y,” and Ax is the “change in x.” The

average rate of change of f is the change in y divided by the change in x.
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( EXAMPLE 7 |

Solution
Figure 25
y
160
B (7,147)
120  Average rate
of change = 24
80 \
(5, 75)

Average rate

40 of change = 18

L Average rate
3, 27) of change = 12
Il Il Il

(0, 0) 2 4 6 X

Figure 26

THEOREM

Finding the Average Rate of Change
Find the average rate of change of f(x) = 3x*
(a) From1to3 (b) From1to5 (¢) From 1to7

(a) The average rate of change of f(x) = 3x?from 1 to 3 is

Ay _fB) - f() _27-3 2
Ax 3—-1 3-1 2

(b) The average rate of change of f(x) = 3x* from 1 to 5 is

Ay _fO)-f) _715-3_72 _

Ax 5-1 5—-1 4 18

(c) The average rate of change of f(x) = 3x? from 1 to 7 is
Ay f() - f(1) 147-3 144

24
Ax 7—-1 71 6 ._J

See Figure 25 for a graph of f(x) = 3x% The function f is increasing for x > 0.
The fact that the average rate of change is positive for any xi, x,, x; # x, in the
interval (1,7) indicates that the graph is increasing on 1 < x < 7. Further, the
average rate of change is consistently getting larger for 1 < x < 7, indicating that
the graph is increasing at an increasing rate.

™ -Now Work rroBLEM 61

The Secant Line

The average rate of change of a function has an important geometric interpretation.
Look at the graph of y = f(x) in Figure 26. We have labeled two points on the
graph: (a, f(a)) and (b, f(b)). The line containing these two points is called the
secant line; its slope is

Slope of the Secant Line

The average rate of change of a function from a to b equals the slope of the
secant line containing the two points (a, f(a)) and (b, f(b)) on its graph. J

( EXAMPLE 8 |

@

Finding the Equation of a Secant Line
Suppose that g(x) = 3x* — 2x + 3.

(a) Find the average rate of change of g from —2 to 1.

(b) Find an equation of the secant line containing (—2, g(—2)) and (1, g(1)).

(c) Using a graphing utility, draw the graph of g and the secant line obtained in
part (b) on the same screen.
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Solution  (a) The average rate of change of g(x) = 3x> — 2x + 3 from —2to 1 is

_g(1) — g(-2)
Average rate of change = 1-(-2)
_4-D o) = 3()F — 2() + 2= 4
3 9(—2) = 3(—2)* — 2(—2) + 3 =19
15
=5 = -5

(b) The slope of the secant line containing (-2, g(=2)) = (=2, 19) and
(1, g(1)) = (1, 4) is mg. = —5. We use the point-slope form to find an equa-

Figure 27 - )
24 tion of the secant line.
y—y1 = msec(x - xl) Foint—slope form of the secant line
y—19==5(x—-(-2) x=-2y=9-2 =19m., =5
y—19=-5x — 10 Simplify.
3 3 y=-5x+9 Slope—intercept form of the secant line
. (c) Figure 27 shows the graph of g along with the secant line y = —5x + 9. .J

m -Now Work proBLEM 67

3 Assess Your Understanding

‘Are You Prepa red?” Answers are given at the end of these exercises.

1. The interval (2, 5) can be written as the inequality . 4. Write the point-slope form of the line with slope 5 containing
the point (3, —2).
2. The slope of the line containing the points (—2,3) and 5. The intercepts of the equation y = x> — 9 are
(3,8)is

3. Test the equation y = 5x> — 1 for symmetry with respect to
the x-axis, the y-axis, and the origin.

Concepts and Vocabulary

6. A function f is on an open interval [ if, for any 9. True or False A function f has a local maximum at c if
choice of x; and x, in 7, with x; < x,, we have f(x;) < f(x,). there is an open interval / containing c so that for all x in /,
7. A(n) function f is one for which f(—x) = f(x) for f(x) = f(o).
every x in the domain of f; a(n) function f is one for 10. True or False Even functions have graphs that are
which f(—x) = —f(x) for every x in the domain of f. symmetric with respect to the origin.

8. True or False A function f is decreasing on an open
interval [ if, for any choice of x; and x; in 7, with x; < x,, we

have f(x;) > f(x2).

Skill Building

In Problems 11-20, use the graph of the function f given. v (2,10)
"\ 11. Is f increasing on the interval (—8,-2)? 10 i
12. Is f decreasing on the interval (—8, —4)? L

_13. Is f increasing on the interval (2, 10)?

14. Is f decreasing on the interval (2, 5)?

z 4 X
_15. List the interval(s) on which f is increasing. 71[\/5 1 (0.0) 5 10

16. List the interval(s) on which f is decreasing. (-8, —4)

_17. Is there a local maximum value at 2? If yes, what is it?
18. Is there a local maximum value at 5? If yes, what is it?
19. List the number(s) at which f has a local maximum. What are the local maximum values?

20. List the number(s) at which f has a local minimum. What are the local minimum values?
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In Problems 21-28, the graph of a function is given. Use the graph to find:

(a) The intercepts, if any
(b) The domain and range

(c) The intervals on which it is increasing, decreasing, or constant

(d) Whether it is even, odd, or neither

y
4

—4(-2,0)

25.

N <

22.

26.

y
2

/]

0, 1

AN

M‘ﬂ

o
(=, =1)
-2

)

|
m
I\ T X

(m, =1)

y
3 -
/ .7
I I I I I
-3 3 X
27. y
3 (o1
L)
(-1,2) { ’
I I I I I [
-3

In Problems 29-32, the graph of a function f is given. Use the graph to find:

(a) The numbers, if any, at which f has a local maximum value. What are the local maximum values?
(b) The numbers, if any, at which f has a local minimum value. What are the local minimum values?

29. y

4_
T(O, 3)
—4(-2,00 | (200 4X

30. y 31
3
(0,2)
L L 'Y L L
-3 (-1,0) }‘(1,0) 3 X

y

1

-

27

In Problems 33—44, determine algebraically whether each function is even, odd, or neither.
34, f(x) =2x* — &?

N33 f(x) = 4x°

37. F(x) = Vx

1
41. g(x) = 2

38. G(x) = Vx

42. h(x) = —
2

1

35. g(x) = -3 -5

39. f(x) = x + |x|

43. h(

x) =

3

—X

3x?

-9

24.

32.

36. h(x) =3+ 5

40. f(x) = V222 + 1

4. F(x)

2x

x|

In Problems 45-52, for each graph of a function y = f(x), find the absolute maximum and the absolute minimum, if they exist.

45. y 46. y
K N (4.4
3,3)
2 2 402
(2,2)
(5,1) (1,1) (5,0)
13 5 % i3 5 X

47. vy 48. 1%
4. (3,4) 4. (2,4)
10.3)
) (4,3) , | (1.3)
A 0, 1)
1 3 5 % i X
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9. 50.
N | ey
23 | (-1,3) 3
2 3 2 3
(—1,1) (3,2) ! (0)2) :
(0,0 3 3
1 i 3 X 1 i 3 X

51.

y 52. y
5 (3,2) (1,3)
@0 @1 -1.1),/10.2| @1
RIS x 1 \/
(-2 -2) 3 ien; X
(-1, -3) 27

% In Problems 53-60, use a graphing utility to graph each function over the indicated interval and approximate any local maximum values
and local minimum values. Determine where the function is increasing and where it is decreasing. Round answers to two decimal places.

»

53 f(x)=x*-3x+2 (-2,2) 54, f(x) =¥ —3x2+5 (-1,3)

55 f(x) =x — ¥ (-2,2) 56. f(x) = x* — x> (-2,2)

57. f(x) = —02x° — 0.6x> + 4x — 6 (—6,4) 58. f(x) = —0.4x> + 0.6x* + 3x — 2 (—4,5)

59. f(x) = 025x* + 03x% — 09x> + 3 (-3,2) 60. f(x) = —0.4x* — 0.5x> + 0.8x2 — 2 (-3,2)

' Find the average rate of change of f(x) = —2x* + 4 66. f(x) = —4x + 1

(a) From 0 to 2 (a) Find the average rate of change from 2 to 5.
(b) From1to3 (b) Find an equation of the secant line containing (2, f(2))
(¢) From1to4 and (5, f(5)).

62. Find the average rate of change of f(x) = —x* + 1 ' g(x)=x*-2
(a) FromOto2 (a) Find the average rate of change from —2 to 1.
(b) From 1to 3 (b) Find an equation of the secant line containing
(c) From —1to1l (—2,g(-2)) and (1, g(1)).

63. Find the average rate of change of g(x) = x* — 2x + 1 68. g(x) =x*+1
(a) From —3to -2 (a) Find the average rate of change from —1 to 2.
(b) From —1to1 (b) Find an equation of the secant line containing
(¢) From1to3 (—=1,g(=1)) and (2, g(2)).

64. Find the average rate of change of A(x) = x> — 2x + 3 69. h(x) = x* — 2x

(a) From —1to1
(b) From0to2
(c) From2to5

f(x) =5x -2
(a) Find the average rate of change from 1 to 3.
(b) Find an equation of the secant line containing (1, f(1))

and (3, f(3)).

65.

Mixed Practice

(a) Find the average rate of change from 2 to 4.
(b) Find an equation of the secant line containing (2, #(2))
and (4, h(4)).

70. h(x) = —2x* + x
(a) Find the average rate of change from 0 to 3.
(b) Find an equation of the secant line containing (0, #(0))
and (3, h(3)).

71. g(x) = x> — 27x
(a) Determine whether g is even, odd, or neither.
(b) There is a local minimum value of —54 at 3.
Determine the local maximum value.

72. f(x) = —x° + 12x
(a) Determine whether fis even, odd, or neither.
(b) There is a local maximum value of 16 at 2. Determine
the local minimum value.

73. F(x) = —x* + 8x* + 8
(a) Determine whether F is even, odd, or neither.
(b) There is a local maximum value of 24 at x = 2.
Determine a second local maximum value.

~N

/L (c) Suppose the area under the graph of F between x = 0
and x = 3 that is bounded below by the x-axis is 47.4
square units. Using the result from part (a), determine
the area under the graph of F between x = —3 and
x = 0 bounded below by the x-axis.

74. G(x) = —x* + 3247 + 144
(a) Determine whether G is even, odd, or neither.
(b) There is a local maximum value of 400 at x = 4.
Determine a second local maximum value.
/£ (c) Suppose the area under the graph of G between
x = 0 and x = 6 that is bounded below by the x-axis
is 1612.8 square units. Using the result from part (a),
determine the area under the graph of G between
x = —6 and x = 0 bounded below by the x-axis.

J
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