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164 CHAPTER 4. LYAPUNOV STABILITY

Thus, V (¢, x) satisfies the first inequality of the theorem with

1 — e—2Ld 2(] _ o220
7( c ) and cp = M —er™) (1—e )

“aTTyr 27

To calculate the derivative of V' along the trajectories of the system, define the
sensitivity functions

Pu(Tit, ) = Q¢(T;t,w); G (T3 t, ) = a*(b(T;wf)

ot or
Then,
av oV

t+3
*1/1 267 (31, 2)be(r: ,0) dr
t

t+6
—|—/ QQST(T;t,x)gbgc(T;t,a:) drf(t,x)
¢
= ¢T(t+ it 2)o(t + 55 t, ) — ||[I3

t+3
+/ 267 (131, 2) (e (13 1, 7) + du(rs 8, 2) (2, 2)] dr
t

It is not difficult to show that?6
Ge(T3t,x) + o (Tit, ) f(t,x) =0, V7>t

Therefore,

S+ O flta) = 8T+ 6, )0( + 85t,0) — el
< (1K)l
By choosing § = In(2k?)/(2)\), the second inequality of the theorem is satisfied

with ¢3 = 1/2. To show the last inequality, let us note that ¢, (7;t, z) satisfies the
sensitivity equation

0 0
o b= L molmita) o baltitia) =1

T

Since
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2

263ee Exercise 3.30.
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on D, ¢, satisfies the bound?”

62(73t,2)]l2 < €70

Therefore,
av t+46
1%, - | [ 2 ittt ar
Oz ||y ¢
2
t+6
< [ 2ol ot ol dr
t
t+0
< / 2he N LT |||
t
2k
_ 1 e—(A-L)3
Thus, the last inequality of the theorem is satisfied with
2k
_ 1 — e—(A-L)s
a=nopl~e ]

If all the assumptions hold globally, then clearly ro can be chosen arbitrarily large.
If the system is autonomous, then ¢(7;¢,x) depends only on (7 — ¢); that is,

o(r5t,x) = Y(1 — t;2)
Then

)
t+0

8
V(t,z) = (T = ta)e(r — o) dr = /0 o7 (s;2)e(s; ) ds

t

which is independent of t. O

In Theorem 4.13, we saw that if the linearization of a nonlinear system about the
origin has an exponentially stable equilibrium point, then the origin is an exponen-
tially stable equilibrium point for the nonlinear system. We will use Theorem 4.14
to prove that exponential stability of the linearization is a necessary and sufficient
condition for exponential stability of the origin.

Theorem 4.15 Let x = 0 be an equilibrium point for the nonlinear system

z = f(t,x)

where f : [0,00) x D — R™ is continuously differentiable, D = {x € R" | ||z|]2 < 1},
and the Jacobian matriz [0f/0z] is bounded and Lipschitz on D, uniformly in t.
Let

A(t) = %(t,x)

z=0

27See Exercise 3.17.
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Then, x = 0 is an exponentially stable equilibrium point for the nonlinear system if
and only if it is an exponentially stable equilibrium point for the linear system

z=A(t)x
&

Proof: The “if” part follows from Theorem 4.13. To prove the “only if” part,
write the linear system as

&= ft,x) = [f(t,x) = A(t)x] = f(t,z) — g(t, x)
Recalling the argument preceding Theorem 4.13, we know that
lg(t,@)ll2 < Lijz|3, Yz €D, ¥t>0

Since the origin is an exponentially stable equilibrium of the nonlinear system, there
are positive constants k, A, and ¢ such that

lz(t)ll2 < Klla(to)|se 71, Vit >0 >0, ¥ [|z(to)]l2 < ¢

Choosing ro < min{c,r/k}, all the conditions of Theorem 4.14 are satisfied. Let
V (t, x) be the function provided by Theorem 4.14 and use it as a Lyapunov function
candidate for the linear system. Then,

ov oV v v oV
ot e Al = Gt It - et o)
—c3||z||3 + caL||2||3

—(es —calp)|l3, Y zl2<p

VANRVAN

The choice p < min{ro, c3/(caL)} ensures that V (¢, z) is negative definite in ||z||2 <
p- Consequently, all the conditions of Theorem 4.10 are satisfied in ||z|2 < p, and
we conclude that the origin is an exponentially stable equilibrium point for the
linear system. a

Corollary 4.3 Let x = 0 be an equilibrium point of the nonlinear system & =
f(z), where f(x) is continuously differentiable in some neighborhood of x = 0. Let
A = [0f/0x](0). Then, x = 0 is an exponentially stable equilibrium point for the
nonlinear system if and only if A is Hurwitz. &

Example 4.23 Consider the first-order system & = —z3. We saw in Example 4.14
that the origin is asymptotically stable, but linearization about the origin results in
the linear system & = 0, whose A matrix is not Hurwitz. Using Corollary 4.3, we
conclude that the origin is not exponentially stable. A
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The following converse Lyapunov theorems (Theorem 4.16 and 4.17) extend
Theorem 4.15 in two different directions, but their proofs are more involved. The-
orem 4.16 applies to the more general case of uniform asymptotic stability.?® The-
orem 4.17 applies to autonomous systems and produces a Lyapunov function that
is defined on the whole region of attraction.

Theorem 4.16 Let x = 0 be an equilibrium point for the nonlinear system

"t:f(tvl')

where f :[0,00) x D — R™ is continuously differentiable, D = {x € R" | ||| < r},
and the Jacobian matrixz [0f/0z] is bounded on D, uniformly in t. Let 5 be a class
KL function and ro be a positive constant such that B(rg,0) < r. Let Dy = {x €
R"™ | ||z]] < ro}. Assume that the trajectory of the system satisfies

@)l < B(llz(to)ll,t —to), V x(to) € Do, V't >t >0

Then, there is a continuously differentiable function V : [0,00) x Dy — R that
satisfies the inequalities

ar(fJzll) < V(t,2) < as(l]))

ov. oV
S+ STt w) < —as(a])

oV
| < el

where a1, ag, as, and ay are class K functions defined on [0,7¢]. If the system is
autonomous, V' can be chosen independent of t. &

Proof: See Appendix C.7.

Theorem 4.17 Let © = 0 be an asymptotically stable equilibrium point for the
nonlinear system

&= f(z)
where f : D — R" is locally Lipschitz and D C R™ is a domain that contains the
origin. Let R4 C D be the region of attraction of x = 0. Then, there is a smooth,

positive definite function V(x) and a continuous, positive definite function W(x),
both defined for all x € Ry, such that

V(z) 00 asz — ORA

g—‘; (z) < —W(z), Vaxe€Ra
and for any ¢ > 0, {V(z) < ¢} is a compact subset of Ry. When Ry = R™, V(z)
18 radially unbounded. &

28Theorem 4.16 can be stated for a function f(t,x) that is only locally Lipschitz, rather than
continuously differentiable [125, Theorem 14]. It is also possible to state the theorem for the case
of global uniform asymptotic stability [125, Theorem 23]
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Proof: See Appendix C.8.

An interesting feature of Theorem 4.17 is that any bounded subset S of the
region of attraction can be included in a compact set of the form {V(z) < ¢} for
some constant ¢ > 0. This feature is useful because quite often we have to limit our
analysis to a positively invariant, compact set of the form {V(z) < c¢}. With the
property S C {V(z) < ¢}, our analysis will be valid for the whole set S. If, on the
other hand, all we know is the existence of a Lyapunov function V;(x) on S, we will
have to choose a constant ¢; such that {Vi(x) < ¢} is compact and included in S;
then our analysis will be limited to {Vi(z) < ¢;}, which is only a subset of S.

4.8 Boundedness and Ultimate Boundedness

Lyapunov analysis can be used to show boundedness of the solution of the state
equation, even when there is no equilibrium point at the origin. To motivate the
idea, consider the scalar equation

& =—x+dsint, x(tp)=a, a>06>0

which has no equilibrium points and whose solution is given by
t
z(t) = e tt)g 4 5/ e" T sinr dr
to
The solution satisfies the bound

t
lz(t)] < e tPlg4 | et dr = el 4§ {1 _ e*(tfto):|
to

< a, Vt>t

which shows that the solution is bounded for all ¢ > ¢y, uniformly in ¢y, that is,
with a bound independent of 5. While this bound is valid for all ¢ > ¢y, it becomes
a conservative estimate of the solution as time progresses, because it does not take
into consideration the exponentially decaying term. If, on the other hand, we pick
any number b such that § < b < a, it can be easily seen that

a—296
()] < b, \“Zt()““(b_a)

The bound b, which again is independent of ¢g, gives a better estimate of the solution
after a transient period has passed. In this case, the solution is said to be uniformly
ultimately bounded and b is called the ultimate bound. Showing that the solution of
& = —x + dsint has the uniform boundedness and ultimate boundedness properties
can be done via Lyapunov analysis without using the explicit solution of the state
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equation. Starting with V(z) = 2%/2, we calculate the derivative of V along the
trajectories of the system, to obtain

V =xi = —a% 4 xdsint < —a% + d|z|

The right-hand side of the foregoing inequality is not negative definite because, near
the origin, the positive linear term 6|z| dominates the negative quadratic term —az2.
However, V is negative outside the set {|z| < §}. With ¢ > §2/2, solutions starting
in the set {V(z) < ¢} will remain therein for all future time since V is negative
on the boundary V' = c¢. Hence, the solutions are uniformly bounded. Moreover,
if we pick any number e such that (62/2) < & < ¢, then V will be negative in
the set {¢ <V < ¢}, which shows that, in this set, V will decrease monotonically
until the solution enters the set {V < ¢}. From that time on, the solution cannot
leave the set {V < &} because V is negative on the boundary V = e. Thus, we
can conclude that the solution is uniformly ultimately bounded with the ultimate
bound |z| < v/2¢.

The purpose of this section is to show how Lyapunov analysis can be used to
draw similar conclusions for the system

= f(t,z) (4.32)

where f :[0,00) x D — R™ is piecewise continuous in ¢ and locally Lipschitz in
on [0,00) x D, and D C R™ is a domain that contains the origin.

Definition 4.6 The solutions of (4.32) are

o uniformly bounded if there exists a positive constant ¢, independent of ty > 0,
and for every a € (0,¢), there is B = (a) > 0, independent of to, such that

lz(to)l <a = [lz@)] < B, Vit=to (4.33)

e globally uniformly bounded if (4.33) holds for arbitrarily large a.

o uniformly ultimately bounded with ultimate bound b if there exist positive con-
stants b and ¢, independent of to > 0, and for every a € (0,c¢), there is
T =T(a,b) > 0, independent of to, such that

lz(to)| <a = [z <b, VE>to+T (4.34)

e globally uniformly ultimately bounded if (4.34) holds for arbitrarily large a.

In the case of autonomous systems, we may drop the word “uniformly” since the
solution depends only on t — tg.

To see how Lyapunov analysis can be used to study boundedness and ultimate
boundedness, consider a continuously differentiable, positive definite function V' (z)
and suppose that the set {V(x) < ¢} is compact, for some ¢ > 0. Let

A={e<V(z)<c}
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