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A Quantum Mechanical Model for the Vibration and Rotation of Molecules

Note that this equation no longer contains partial derivatives. Because each side of the

equation depends on only one of the variables and the equality exists for all values of the

variables, it must be true that both sides of the equation are equal to the same constant:

(49)

Looking back at the differential equation for rotation in two dimensions, it is clear why

the constant is written in this way. The solutions for the second equation can be

obtained immediately because the same equation was solved for the molecule rotating

in two dimensions:

(50)

where the part of that depends on is associated with the quantum number ml.

The first equation in Equation (49) allows the part of that depends on to be

determined. It can be solved to give a set of eigenfunctions and their corresponding

eigenvalues. Rather than work through the solution, the results are summarized with a

focus on the eigenvalues. A discussion of the spherical harmonics is postponed until

Section 7. Two boundary conditions must be satisfied to solve Equation (49). To ensure

that the functions are single-valued functions of and that the amplitude

of these functions remains finite everywhere, the following conditions must be met. We

state rather than derive these conditions:

(51)

Both l and ml must be integers. Note that l and ml are the quantum numbers for the

three-dimensional rigid rotor. To emphasize this result, the spherical harmonic func-

tions are written in the form

(52)

The function is associated with both quantum numbers l and ml, and the func-

tion is associated only with the quantum number ml. For a given value of l,

there are different values of ml ranging from to . We next consider the

origin of these quantum numbers more closely.

Why are there two quantum numbers for rotation in three dimensions, whereas there

is only one for rotation in two dimensions? The answer is related to the dimensionality

of the problem. For rotation in two dimensions, r was held constant. Therefore, is the

only variable in the problem and there is only one boundary condition. For rotation in

three dimensions, r is again held constant and, therefore, only the two boundary condi-

tions on and generate quantum numbers. For the same reason, the particle in the

one-dimensional box is characterized by a single quantum number, whereas three quan-

tum numbers are required to characterize the particle in the three-dimensional box.

What observables of the rotating molecule are associated with the quantum num-

bers l and ml? From the equation

the energy eigenvalues for rotation in three dimensions can be obtained. This shows

that the quantum number l is associated with the total energy observable,

(53)

and that the total energy eigenfunctions satisfy the eigenvalue equation

(54)total Y
ml
l (u, f) =

U2

2I
 l(l + 1)Yml

l (u, f), for l = 0, 1, 2, 3, ÁHN

Yml
l (u, f)

El =
U2

2I
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2mr2
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fu
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£ml
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®ml
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Y(u, f) = Yml
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A Quantum Mechanical Model for the Vibration and Rotation of Molecules

Note that the rotational energy values are quantized and that, once again, the quanti-

zation arises through a boundary condition. Note that the energy levels depend

differently on the quantum number than the energy levels for rotation in two dimen-

sions for which

(55)

For rotation in three dimensions the energy depends on the quantum number l, but not

on ml. Why is this the case? As will be shown in Section 7, the quantum number ml

determines the z component of the vector . Because , the energy of

rotation depends only on the magnitude of the angular momentum and not its direction.

Therefore, all total energy eigenfunctions that have the same l value but differ-

ent ml values have the same energy. This means that the degeneracy of each energy

level is . Recall that for rotation in two dimensions, the degeneracy of each

energy level is two, except for the level, which is nondegenerate.

6 The Quantization of Angular 
Momentum

We continue our discussion of three-dimensional rotation, although now it is discussed

in the context of angular momentum rather than energy as was done earlier. Why is

angular momentum important in quantum chemistry? Consider a familiar example

from introductory chemistry, namely, the s, p, and d orbitals associated with atoms of

the periodic table. We know that the bonding behavior of s, p, and d electrons is quite

different. Why is an s orbital spherically symmetrical, whereas a p orbital has a dumb-

bell structure? Why are three energetically degenerate p orbitals directed along the x, y,

and z directions? The origin of these chemically important properties is the particular

value of l or ml associated with these orbitals.

As discussed earlier, the spherical harmonic functions , are eigenfunc-

tions of the total energy operator for a molecule that rotates freely in three dimensions.

Are these functions also eigenfunctions of other operators of interest to us? Because the

potential energy is zero for a free rotor, the total energy stored in rotational motion is

given by the kinetic energy , in which l is the angular momentum andEtotal = ƒ l ƒ 2>2I

Yml
l (u, f)

ml = 0
2l + 1

2l + 1

Etotal = ƒ l ƒ 2>  2mr2
0l

Eml
=

U2m2
l

2mr2
0

=
U2m2

l

2I
, for ml = 0, ;1, ;2, ;3, Á

. Note that and differ only by the constant . Therefore, the corre-1>2Iƒ l2 ƒEtotalI = mr2
0

sponding operators and also satisfy this relationship. Because they differ only

by a multiplicative constant, these two operators commute with one another and have a

common set of eigenfunctions. Furthermore, because is quantized, it can be con-

cluded that is also quantized. Using the proportionality of and , the eigen-ƒ l2 ƒEtotalƒ l2 ƒ
Etotal

2lNtotalHN

value equation for the operator can immediately be written from Equation (54):

(56)

The notation explicitly shows that the quantum numbers l and ml are defining indices

for the eigenfunctions of and . Because the eigenvalues for are given by

, the magnitude of the angular momentum takes on the quantized valuesU2l(l + 1)

2lN2lNtotalHN

lN2Yml
l (u, f) = U2l(l + 1) Yml

l (u, f)

2lN

.

Note that it is and not that commutes with . We now focus our attention ontotalHNlN2lN
ƒ l ƒ  = U2l(l + 1)

the angular momentum l and the corresponding operator . How many components does

l have? For rotation in the plane, the angular momentum vector has only a single com-

ponent that lies on the z axis. For rotation in three dimensions, the angular momentum

vector has the three components , , and , which are obtained from the vector cross

product . As might be expected from the discussion of the Stern–Gerlach

experiment, the operators , , and do not commute.zl
N

yl
N

xl
N

l = r * p
lzlylx

xy

2lN
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A Quantum Mechanical Model for the Vibration and Rotation of Molecules

As you will see when working the end-of-chapter problems, the operators , , and

have the following form in Cartesian coordinates:

(57)

Although not derived here, the operators have the following form in spherical coordinates:

(58)

As you will verify in the end-of-chapter problems for the operators in Cartesian

coordinates, the commutators relating the operators , , and are given by

(59)

Note that the order of the commutator is important, that is, .

What are the consequences of the fact that the operators corresponding to the com-

ponents of the angular momentum do not commute with one another? Because the

commutators are not zero, the direction of the angular momentum vector cannot be

specified for rotation in three dimensions. To do so, it would be necessary to know all

three components simultaneously, which would require that the three commutators in

Equation (59) are zero. Given that , , and do not commute, what can be known

about the components of the angular momentum for a molecule whose wave function is

an eigenfunction of the total energy operator?

To answer this question, we look more closely at the operators for the individual

zl
N

yl
N

xl
N

3lNx 
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, lNx4
 3lNz 

, lNx4 = iUlNy
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0
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b
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b
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0
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b
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0
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zl
N
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xl
N

components of the angular momentum. In spherical coordinates, and depend onyl
N

xl
N

both , but as Equation (58) shows, depends only on . As shown earlier, thefzl
Nu and f

energy operator and of . We now show that the spherical harmonics are also eigen-2lN

functions of . Applying to the functions , we obtain

(60)

showing that the are eigenfunctions of . What can we conclude fromzl
NYml

l (u, f)

for ml = 0, ;1, ;2, ;3, Á , ;  l

lNz(Yml
l (u, f)) = ®(u) c - iU 

0

0  f
 a 1

22p
 eimlfb d = mlU®(u)£(f) ,

Yml
l (u, f)zl

N
zl

N

Equation (60)? Because the spherical harmonics are eigenfunctions of both and ,

both the magnitude of and its z component can be known simultaneously. In other

words, one can know the length of the vector and one of its components, but it is not

possible to simultaneously know the other two components of .

Why has rather than or been singled out, and what makes the z component

special? There is nothing special about the z direction, and one could have just as easily

chosen another direction. The way in which the variables are defined in spherical

coordinates makes take on a simple form. Therefore, when a direction is chosen, it is

convenient to make it the z direction. The essence of the preceding discussion is that

one can know the magnitude of and only one of its components simultaneously.l

zl
N

yl
N

xl
N

zl
N

l

l

ƒ l ƒ
zl

N2lN

spherical harmonics, , are eigenfunctions of the totalYml
l (u, f) = ®ml

l (u)£ml
 (f)
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The consequences of the different commutation relations among , , , , and are

explored in Section 8, which deals with spatial quantization.

7 The Spherical Harmonic Functions

Until now, only the eigenvalues for , , and for rotation in three dimensions have

been discussed. We now discuss the spherical harmonic functions, , which

are the eigenfunctions common to these three operators. They are listed here for the

first few values of l and ml:

(61)

As seen earlier in Equation (50), the dependence is a simple exponential function.

The dependence enters as a polynomial in . The numerical factor in

front of these functions ensures that they are normalized over the intervals

. Because the spherical harmonics are eigenfunctions of

the time-independent Schrödinger equation, they represent standing waves on the sur-

face of a sphere in which the nodal positions are independent of time.

For , the eigenfunction is equal to a constant determined by the normalization

condition. What does this mean? Remember that the square of the wave function gives the

probability density for finding the particle at the coordinates within the interval

. These coordinates specify the angle defining the internuclear axis in a diatomic

molecule. If the wave function is independent of , any orientation of the internuclear

axis in the rotation of a molecule is equally likely. This must be the case for a state in which

the angular momentum is zero. A net angular momentum, corresponding to , requires

that the wave function and the probability density distribution not have spherical symmetry.

The spherical harmonics are complex functions unless . Graphing complex

functions requires double the number of dimensions as for real functions, so that it is

customary to instead form appropriate linear combinations of the to generate

real functions. These functions, which still form an orthonormal set, are given in the

following equations. Equation (62) lists the p functions, and Equation (63) lists the d

functions. We recognize the abbreviations in connection with the orbital designations

for the hydrogen atom. The functions shown in Figures 13 and 14 appear in the solu-

tions of the Schrödinger equation for the hydrogen atom. Because of this, they merit

more discussion.

(62) py =
1

22 i
 AY1

1 - Y
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22
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(63)

These functions depend on two variables, , and the way in which they are named

refers them back to Cartesian coordinates. In graphing the functions, spherical coordinates

u and f

 dxy =
1

22 i
 AY2

2 - Y2
-2 B = A

15

16p
 sin2 u sin 2f

 dx2-y2 =
1

22 
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FIGURE 13
Three-dimensional perspective plots of the p and d linear combinations of the spherical harmonics.

The plots show three-dimensional surfaces in which the relationship of the angles to the

Cartesian axes. The distance from the origin to a point on the surface represents the absolute

magnitude of the functions defined by Equations (62) and (63). The sign of the functions in the 

different lobes is indicated by plus and minus signs.
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have been used, whereby the radial coordinate is used to display the value of the ampli-

tude, . All the functions generate lobular patterns in which the amplitude of

the function in a lobe is either positive or negative. These signs are indicated in the plots.

The p functions form a set of three mutually perpendicular dumbbell structures.

The wave function has the same amplitude but a different sign in the two lobes, and

each function has a nodal plane passing through the origin. Four of the five d functions

have a more complex four-lobed shape with nodal planes separating lobes in which

the function has opposite signs. Because l is larger for the d than for the p functions,

more nodes are seen in both angles. As for the particle in the box wave functions, an

increase in the number of nodes corresponds to an increase in the energy of the quan-

tum state. For the particle in the box, an increase in the number of nodes over a fixed

interval corresponds to a shorter wavelength and, through the de Broglie relation, to a

higher linear momentum. For the rigid rotor, an increase in the number of nodes over a

fixed interval corresponds to a higher angular momentum. 

Up to this point, questions have been asked about the energy and the momentum.

What can be learned about the angular orientation of the internuclear axis for the rotat-

ing molecule? This information is given by the probability density, defined by the first

postulate as the square of the magnitude of the wave function. The probability density

for the p and d functions is very similar in shape to the wave function amplitude shown

in Figure 13, although the amplitude in all lobes is positive. Taking the pz plot as an

example, Figure 13 shows that the maximum amplitude of is found along the pos-

itive and negative z axis. A point on the z axis corresponds to the probability density for

finding the molecular axis parallel to the z axis.

An alternate graphical representation can be used that recognizes that spherical har-

monics can be used to represent waves on the surface of a sphere. This can be done by

displaying the amplitude of the desired function on the sphere at the location using

a color scale. This is done in Figure 15, where the square of the amplitude of the pz and

py functions is plotted as a color scale on the surface of a sphere. Black and red regions

correspond to high and low probability densities, respectively. For the pz function, there

is a much higher probability density of finding the particle near the z axis than in the

plane. This means that the molecular axis is much more likely to be parallel to

the z axis than to lie in the plane. For a state whose wave function is py, the internu-

clear axis is much more likely to be parallel to the y axis than to lie in the plane.

This is consistent with the angular orientation of the maxima of these functions shown

in Figure 13. Why is the probability density not more sharply peaked in a small angular

region near the z or y axis? If the wave function is the pz function, Etotal, , and lz are

well defined. However, the operators for the angular coordinates do not com-

mute with the operators for Etotal, , and lz. As a consequence, the angular positionƒ l2 ƒ
f and u

ƒ l2 ƒ

y = 0
xy

z = 0

u, f

ƒY0
1 ƒ

2

r = f(u, f)

x

y

z

FIGURE 14
Three-dimensional perspective plots show

the three p and the five d linear combina-

tions of the spherical harmonics

superimposed. The convention used in

displaying the functions is explained in 

the text and in the caption for 

Figure 13.

coordinates are not known exactly and only average values can be determined for these

observables.

8 Spatial Quantization

The fact that the operators , , and commute whereas , , and do not commute

with one another states that the energy, the magnitude of the angular momentum vector,

and the value of any one of its components can be known simultaneously but that the

other two components of the angular momentum cannot be known. Contrast this with

classical mechanics in which all three components of an angular momentum vector can

be specified simultaneously. In that case, both the length of the vector and its direction

can be known.

We summarize what can be known about the angular momentum vector associated

with a molecule rotating in three dimensions pictorially. In doing so, classical and quantum

mechanical descriptions are mixed. For this reason, the following is a semiclassical

description. The one component that is known is chosen to be along the z direction. In

zl
N

yl
N

xl
N

zl
N2lNHN
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