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5 Steady Electric Currents

FIGURE 5-1
Conduction current due to drift motion of charge carriers across a surface.

Since current is the time rate of change of charge, we have

A

Al = ?? = Nqu-a,As = Nqu-As  (A). (5-2)
In Eq. (5-2) we have written As = a,As as a vector quantity. It is convenient to
define a vector point function, volume current density, or simply current density, J,
in amperes per square meter,
) J=Ngqu  (A/m?), (5-3)

so that Eq. (5-2) can be written as
Al =J- As. (5-4)

The total current / flowing through an arbitrary surface S is then the flux of the J
vector through $:

= fs Jods  (A). (5-5)

Noting that the product Nq is in fact free charge per unit volume, we may rewrite
Eq. (5-3) as

J=pu (A/m?), (5-6)

which is the relation between the convection current density and the velocity of the
charge carrier.

EXAMPLE 5-1 In vacuum-tube diodes, electrons are emitted from a hot cathode
at zero potential and collected by an anode maintained at a potential V;,, resulting
in a convection current flow. Assuming that the cathode and the anode are parallel
conducting plates and that the electrons leave the cathode with a zero initial veloc-
ity (space-charge limited condition), find the relation between the current density J
and V.
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Solution The region between the cathode and the anode is shown in Fig. 5-2, where
a cloud of electrons (negative space charge) exists such that the force of repulsion
makes the electrons boiled off the hot cathode leave essentially with a zero velocity.
In other words, the net electric field at the cathode is zero. Neglecting fringing effects,

we have
E(0) = 2,E,0) = —a, d’;iy ) e (5-7)
In the steady state the current density is constant, independent of y:
J=—a,J =ap(yuy), (5-8)

where the charge density p(y) is a negative quantity. The velocity u = a u(y) is related
to the electric field intensity E(y) = a E(y) by Newton’s law of motion:

_ __dv(y)
m— = —eE(y)=e ay

where m = 9.11 x 107! (kg)and —e = —1.60 x 10~ *° (C) are the mass and charge,
respectively, of an electron. Noting that

dt dydt T dy

o
T dy\2 ’

kS 1muz —et-iz (5-10)
dy \2 T dy

; (5-9)

we can rewrite Eq. (5-9) as

Integration of Eq. (5-10) gives
smu* = eV, (5-11)

where the constant of integration has been set to zero because at y = 0, u(0) = V(0) = 0.
From Eq. (5-11) we obtain

m

1/2
u= (%f V) : (5-12)

AT AT AT A AT T LT FIGURE 5 ‘2

Cathode —  Space-charge-limited vacuum diode (Example 5-1).
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In order to find V(y) in the interelectrode region we must solve Poisson’s equa-
tion with p expressed in terms of V(y) from Eq. (5-8):

J
p=—"=—J /% y-uz, (5-13)
We have, from Eq. (4-6),

d*v p_J Im
= — V- 1/2 -~
dy? € eo 2¢ (5-14)

Equation (5-14) can be integrated if both sides are first multiplied by 2dV/dy. The

result is v 4J
— / yie 5-15
(dy) € \ 2e e ( )

Aty=0,V =0, and dV/dy = 0 from Eq. (5-7), so ¢ = 0. Equation (5-15) becomes

1/4
y-gy =2 /J (Z) dy. (5-16)

Integrating the left side of Eq. (5-16) from V = 0 to ¥, and the right side from y = 0

to d, we obtain
4 J (m\Y*
—_pir=2 [—[—) d
3°° \/; <2e) ’

e,

942
Equation (5-17) states that the convectlon current density in a space-charge limited
vacuum diode is proportional to the three-halves power of the potential difference
between the anode and the cathode. This nonlinear relation is known as the Child-
Langmuir law. =

or

J= - V3/2 (A/m?). (5-17)

In the case of conduction currents there may be more than one kind of charge
carriers (electrons, holes, and ions) drifting with different velocities. Equation (5-3)
should be generalized to read

J=) Ngu  (Ajm?), (5-18)

As indicated in Section 5-1, conduction currents are the result of the drift motion
of charge carriers under the influence of an applied electric field. The atoms remain
neutral (p = 0). It can be justified analytically that for most conducting materials the
average drift velocity is directly proportional to the electric field intensity. For metal-
lic conductots we write

= _tueE (m/s), (5—19)

where p, is the electron mobility measured in (m?/V-s). The electron mobility for
copperis 3.2 x 1073 (m?/V-s). Itis 1.4 x 10~* (m?/V-s)for aluminum and 5.2 x 1073
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(m?/V-s) for silver. From Eqs. (5-3) and (5~19) we have
J=—p.ukE, (5-20)

where p, = — Ne is the charge density of the drifting electrons and is a negative
quantity. Equation (5-20) can be rewritten as

J=¢E (A/md), (5-21)

where the proportionality constant, ¢ = —p,u,, 18 a macroscopic constitutive pa-
rameter of the medium called conductivity.

For semiconductors, conductivity depends on the concentration and mobility of
both electrons and holes:

0= — Pl + Prltys (5“22)

where the subscript & denotes hole. In general, y, # p,. For germanium, typical
values are y, = 0.38, u, = 0.18; for silicon, u, = 0.12, g, = 0.03 (m?/V-s).

Equation (5-21) is a constitutive relation of a conducting medium. Isotropic
materials for which the linear relation Eq. (5-21) holds are called ohmic media. The
unit for ¢ is ampere per volt-meter (A/V-m) or siemens per meter (S/m). Copper, the
most commonly used conductor, has a conductivity 5.80 x 107 (S/m). On the other
hand, the conductivity of germanium is around 2.2 (S/m), and that of silicon is
1.6 x 10~ 3(S/m). The conductivity of semiconductors is highly dependent of (increases
with) temperature. Hard rubber, a good insulator, has a conductivity of only
1073 (S/m). Appendix B4 lists the conductivities of some other frequently used
materials. However, note that, unlike the dielectric constant, the conductivity of ma-
terials varies over an extremely wide range. The reciprocal of conductivity is called
resistivity, in ohm-meters (Q-m). We prefer to use conductivity; there is really no
compelling need to use both conductivity and resistivity.

We recall Ohm’s law from circuit theory that the voltage V;, across a resistance
R, in which a current I flows from point 1 to point 2, is equal to RI; that is,

V,, = RL (5-23)

Here R is usually a piece of conducting material of a given length; V,, is the voltage
between two terminals 1 and 2; and I is the total current flowing from terminal 1 to
terminal 2 through a finite cross section.

Equation (5-23) is not a point relation. Although there is little resemblance
between Eq. (5-21) and Eq. (5-23), the former is generally referred to as the point
Sorm of Ohm’s law. It holds at all points in space, and ¢ can be a function of space
coordinates.

Let us use the point form of Ohm’s law to derive the voltage-current relationship
of a piece of homogeneous material of conductivity o, length #, and uniform cross
section S, as shown in Fig. 5-3. Within the conducting material, J = ¢E, where both
J and E are in the direction of current flow. The potential difference or voltage
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FIGURE 5-3
Homogeneous conductor with a constant cross section.

between terminals 1 and 2 is'

Via=E{
or
_ W
E = 7 (5-24)
The total current is
I=[J-ds=1Js
or
I
J=c (5-25)
Using Egs. (5-24) and (5-25) in Eq. (5-21), we obtain
I _ Vll
3 74
or
l
Vi = (E)I = RI, (5-26)

which is the same as Eq. (5-23). From Eq. (5-26) we have the formula for the
resistance of a straight piece of homogeneous material of a uniform cross section for
steady current (d.c.):

Bea (D, (5-27)

We could have started with Eq. (5-23) as the experimental Ohm’s law and applied
it to a homogeneous conductor of length # and uniform cross-section S. Using the
formula in Eq. (5-27), we could derive the point relationship in Eq. (5-21).

" We will discuss the significance of ¥, and E more in detail in Section 5-3.
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mewwss EXAMPLE 5-2 Determine the d-c resistance of 1-(km) of wire having a 1-(mm) radius
(a) if the wire is made of copper, and (b) if the wire is made of aluminum.

Solution Since we are dealing with conductors of a uniform cross section, Eq. (5-27)
applies.

a) For copper wire, o,, = 5.80 x 107 (S/m):

¢ = 103 (m), S=n(10"%2=10"% (m>3).
We have
£ 103

“ 6,8 580 x107 x 10" 549 ()

b) For aluminum wire, o,; = 3.54 x 107 (S/m):

£ o 5.80
=t _Tap 2% 549-899 (Q)
@S e, T35 9 @ o

The conductance, G, or the reciprocal of resistance, is useful in combining resis-
tances in parallel. The unit for conductance is (Q 1), or siemens (S).
1 hY
—=0— S). 5-28
Z=os (529
From circuit theory we know the following;

a) When resistances R; and R, are connected in series (same current), the total
resistance R is

Rsr = Rl + RZ' (5729)

b) When resistances R; and R, are connected in parallel (same voltage), we have

L. + ! (5-30a)
= - — a
R, R, R,

or

5=~3 Electromotive Force and Kirchhoff’s Voltage Law

In Section 3~-2 we pointed out that static electric field is conservative and that the
scalar line integral of static electric intensity around any closed path is zero; that is,

SBC E-de=0. (5-31)
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