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244 The Fourier Transform    Chap. 5

Convolution

The convolution property states that if

 f11t2 ·
f

F11v2 and f2 ·
f

F21v2,
then convolution of the time-domain waveforms has the effect of multiplying their 
frequency-domain counterparts. Thus,

 f11t2*f21t2 ·
f F11v2F21v2, (5.17)

where

 f11t2*f21t2 = L
∞

- ∞

f11t2f21t - t2dt = L
∞

- ∞

f11t - t2f21t2dt.

Also, by applying the duality property to (5.17), it is shown that multiplication of 
time-domain waveforms has the effect of convolving their frequency-domain repre-
sentations. This is sometimes called the multiplication property,

 f11t2f21t2 ·
f 1

2p
  F11v2*F21v2, (5.18)

where

 F11v2*F21v2 = L
∞

- ∞

F11l2F21v - l2dl = L
∞

- ∞

F11v - l2F21l2dl.

Engineers make frequent use of the convolution property in analyzing the interac-
tion of signals and systems.

 EXAMPLE 5.10 The time-convolution property of the Fourier transform

Chapter 3 discusses the response of linear time-invariant systems to input signals. A block dia-
gram of a linear system is shown in Figure 5.9(a). If the output of the system in response to an 
impulse function at the input is described as h1t2, then h1t2 is called the impulse response of 
the system. The output of the system in response to any input signal can then be determined 
by convolution of the impulse response, h1t2, and the input signal, x1t2:

 y1t2 = x1t2*h1t2 = L
∞

- ∞

x1t2h1t - t2dt.

Using the convolution property of the Fourier transform, we can find the frequency spectrum 
of the output signal from

 Y1v2 = X1v2H1v2,
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where

 h1t2 ·
f

H1v2, x1t2 ·
f

X1v2, and y1t2 ·
f Y1v2.

The function H1v2 is the system transfer function discussed in Section 4.5. A block diagram 
of the signal/system relationship in the frequency domain is shown in Figure 5.9(b). ■

The application described in Example 5.10 and other applications of the con-
volution property are explored more fully in Chapter 6.

Frequency Shifting

The frequency shifting property is stated mathematically as

 x1t2ejv0t ·
f X1v - v02. (5.19)

This property was demonstrated in the derivation of (5.9), without our having rec-
ognized it.

Also, by applying the duality property to (5.17), it is shown that multiplica-
tion of time-domain waveforms has the effect of convolving their frequency-domain 
representations. This is sometimes called the modulation property and sometimes 
called the multiplication property.

 EXAMPLE 5.11 The modulation property of the Fourier transform

Consider two signals such as

 g11t2 = 2 cos1200pt2   and  g21t2 = 5 cos11000pt2
that are multiplied to give

 g3 1t2 = g11t2g2 1t2 = 10 cos1200pt2cos11000pt2.
The modulation (multiplication) property can be applied to find

 G31v2 =

1

2p
 G11v2*G21v2.

x(t) y(t) � x(t) � h(t)
h(t)

(a)

(b)

H(  )�

X(  )� Y(  ) � X(  )H(  )� � �

Figure 5.9  A linear time-invariant system.

https://www.pearson.de/9781292015323


246 The Fourier Transform    Chap. 5

Applying (5.11), we find

G11v2 = 2p[d1v - 200p2 + d1v + 200p2] and

G21v2 = 5p[d1v - 1000p2 + d1v + 1000p2].
Then

 G31v2 = 5p[d1v - 200p2 + d1v + 200p2]*[d1v - 1000p2 + d1v + 1000p2]
  = 5p c d1v - 200p2*d1v - 1000p2 + d1v + 200p2*d1v - 1000p2

+d1v - 200p2*d1v + 1000p2 + d1v + 200p2*d1v + 1000p2 d .

Each of the convolutions in the solution for G31v2 is of the general form

 d1v + v12*d1v + v22 = L
∞

- ∞

d1l + v12d1l - v - v22dl.

Because the second impulse function in the convolution integral is non-zero only when 
l = v + v2, we see that

d1v + v12*d1v + v22 = d1v + v1 + v22L
∞

- ∞

d1l - v - v22dl = d1v + v1 + v22.

We can apply this result for each of the convolutions involved in computing G31v2 to get

 G31v2 = 5p[d1v - 800p2 + d1v - 800p2 + d1v - 1200p2 + d1v - 1200p2].
Referring again to (5.11) we see that 

 g31t2 = 5 cos1800pt2 + 5 cos11200pt2. ■

 EXAMPLE 5.12 The frequency-shift property of the Fourier transform

In the generation of communication signals, often two signals such as

 g11t2 = 2 cos1200pt2 and g21t2 = 5 cos11000pt2
are multiplied together to give

 g31t2 = g11t2g21t2 = 10 cos1200pt2cos11000pt2.
We can use the frequency-shifting property to find the frequency spectrum of g31t2. We 
 rewrite the product waveform g31t2 by using Euler’s identity on the second cosine factor:

  g31t2 = 10 cos1200pt2 e j 1000pt
+ e- j 1000pt

2

  = 5 cos1200pt2e j1000pt
+ 5 cos1200pt2e-j1000pt.
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The Fourier transform of this expression is found from the properties of linearity (5.10), 
 frequency shifting (5.19), and the transform of cos 1v0t2 from (5.11):

  G31v2 = 5p[d1v - 200p - 1000p2 + d1v + 200p - 1000p2]
   + 5p[d1v - 200p + 1000p2 + d1v + 200p + 1000p2].

In final form, we write

 G31v2 = 5p[d1v - 1200p2 + d1v - 800p2 + d1v + 800p2 + d1v + 1200p2].
The frequency spectra of g11t2, g21t2, and g31t2 are shown in Figure 5.10.

It is of interest to engineers that the inverse Fourier transform of G31v2 is
  g31t2 = f

-1{5p[d1v - 1200p2 + d1v + 1200p2]}
  + f

-1{5p[d1v - 800p2 + d1v + 800p2]}
  = 5 cos 1200pt + 5 cos 800pt.

The product of two sinusoidal signals has produced a sum of two sinusoidal signals. (This is 
also seen from trigonometric identities.) One has the frequency that is the sum of the fre-
quencies of the two original signals, whereas the other has the frequency that is the difference 
of the two original frequencies. This characteristic is often used in the process of generating 
signals for communication systems and in applications such as radar and sonar.
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Figure 5.10  The frequency spectrum of 

10 cos 1200pt2cos11000pt2.
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248 The Fourier Transform    Chap. 5

These results are confirmed by the following MATLAB program:

% This MATLAB program finds the Fourier transform of the product

% of two sinusoidal signals using the symbolic math function 

% "fourier".

%

syms t

g1=2*cos(200*pi*t)

g2=5*cos(1000*pi*t)

% Multiply the two sinusoidal signals,'g3 = g1*g2='

g3=g1*g2

% Compute the Fourier transform,'G3=fourier(g3)'

G3=fourier(g3) ■

Time Integration

If

 f1t2 ·
f

F1v2,
then

 g1t2 = L
t

- ∞

f1t2dt ·
f F1v2

jv
+ pF102d1v2 = G1v2, (5.20)

where

 F102 = F1v2 `
v= 0

= L
∞

- ∞

f1t2dt,

from (5.1). If f1t2 has a nonzero time-averaged value (dc value), then F102 ≠ 0.
The time-integration property of the Fourier transform will now be proved. 

Consider the convolution of a generic waveform f1t2 with a unit step function:

 f1t2*u1t2 = L
∞

- ∞

f1t2u1t - t2dt.
The unit step function u1t - t2 has a value of zero for t 6 t and a value of 1 for 
t 7 t. This can be restated as

 u1t - t2 = e1, t 6 t

0, t 7 t
,

and, therefore,

 f1t2*u1t2 = L
t

- ∞

f1t2dt. (5.21)

The integration property yields

 L
t

- ∞

f1t2dt ·
f F1v2

jv
+ pF102d1v2.
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The factor F(0) in the second term on the right follows from the sifting prop-
erty (2.42) of the impulse function.

 EXAMPLE 5.13 The time-integration property of the Fourier transform

Figure 5.1l(a) shows a linear system that consists of an integrator. As discussed in Section 1.2, this 
can be physically realized electronically by a combination of an operational amplifier, resistors, 
and capacitors. The input signal is a pair of rectangular pulses as shown in Figure 5.11(b). Using 
time-domain integration we can see that the output signal would be a triangular waveform, as 
shown in Figure 5.11(c). We wish to know the frequency spectrum of the output signal. We have 
not derived the Fourier transform of a triangular wave; however, we do know the Fourier trans-
form of a rectangular pulse such as is present at the input of the system. Using the properties of 
linearity and time shifting, we can write the input signal as

 x1t2 = A  rect c t + t1/2

t1

 d - A rect c t - t1/2

t1

 d
and

 y1t2 = L
t

- ∞

x1t2dt.
The Fourier transform of x1t2 is

  X1v2 = At1 sinc1t1v/22[e jvt1/2 - e-jvt1/2]

  = 2jAt1 sinc1t1v/22 sin1t1v/22
  = jvAt1

2 sinc1t1v/22 c sin1t1v/22
t1v/2

d
  = jvAt1

2 sinc21t1v/22.
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Figure 5.11  System and waveforms for Example 5.13.
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